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Abstract

This paper concentrates on the classification of irreducible G-modules V' in which a
collection of 1-dimensional subspaces of V' are permuted multiply transitively by G.
That is, we consider a group G acting (not necessarily faithfully) on a set 2, with H
the stabiliser of some point @ € €2, and induce a 1-dimensional (linear) kH-module
M to the kG-module M©, where k is some field.

When M is the trivial kH-module, the reducibility of M¢ is known: there is a
classical result when char(k) 1 |G|, while the case char(k) | |G| has been studied by
Mortimer (Proceedings of the London Mathematical Society, 41:1-209, 1980). When
M is non-trivial, the reducibility of M for the families of known doubly transitive
groups (and their central extensions) is determined, along with a number of maximal
submodules.

The reducibility of M is motivated by the classification of primitive affine
distance-transitive graphs, since some of these graphs may be constructed from
irreducible factor modules of M%. As such, this paper presents an alternative ap-
proach within the classification of primitive affine distance-transitive graphs: we
focus on those graphs affording an automorphism group whose stabiliser of the zero
vector permutes, in a multiply transitive way, a set of 1-dimensional subspaces of
the ‘neighbourhood’ I'1 (0) of the zero vector.
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1 Introduction

This paper is motivated by the classification of finite primitive distance-
transitive graphs, started in [32]. We refer the reader to the introduction of [32]
for the basic definitions pertaining to distance-transitive graphs and groups.

Example 1.1 The Hamming graph H(d,q) has vertez set V = X2, where ¥
is a set of ¢ > 2 elements, and x,y € V are adjacent (v ~ y) if and only if
x and y differ in exactly one coordinate. It has a distance-transitive group of
automorphisms given by Sym(q) ¢ Sym(d), that is, d copies of the symmetric
group Sym(q) each acting on a single coordinate of elements from ¥, and
Sym(d) permuting the coordinates.

Let I" be a distance-transitive graph with vertex set VI, and G < Aut(I)
act distance-transitively on I'. By a well-known result of Smith [35], imprimi-
tive distance-transitive graphs are either bipartite or antipodal, and there are
two simple procedures which allow one to reduce each imprimitive graph to a
smaller primitive distance-transitive one. This is the main reason for concen-
trating initially on the primitive case, as we will do in this paper.

Let I', G be as above with valency k > 3 and diameter d > 2. The main result
of [32] is then that either I' is a Hamming graph, or G is almost simple, or G
is an affine group. In this work will concentrate on the affine case, in which
case (G has an elementary abelian normal p-subgroup N <G (with p a prime)
acting regularly on VT

We may interpret G as a subgroup of AGL(V) = AGL;(p), where VT is
identified with a vector space V of dimension [ over GF(p) (i.e. |[N| = p'), and
Go < GL(V) is the stabiliser of 0 € V. We will write d for the diameter of I,
equal to the number of orbits of Gy on V'\ {0}.

The classification of the distance-transitive graphs of type (iii) above is greatly
reduced by:

Theorem 1.2 (3.2, 3.3, [6]) Let T be as above, with diameter d > 2, valency
k > 3, on which the affine group G acts primitively and distance-transitively.
Then there exists a pair (m,q) with ¢ = |V| such that Go < I'L,,(q), and
one of the following holds:

(i) V is a vector space over GF(q) such that the generalised Fitting subgroup
F*(Go/Z(Gy)) = L is a non-abelian simple group, the projective repre-
sentation of L on V is absolutely irreducible and can be realised over no
proper subfield of GF(q);

(it) m=1, g =p' and Gy < TLi(q);

(@i1) T is a Hamming graph, or if d = 2 possibly a complement thereof;



(iv) T is a Bilinear Forms graph, or if d = 2 possibly a complement thereof;
or
(v) I is an Extra-special graph.

Cases (i7i) through (v) are well-understood, for example see §1 of [4] and [6].
Case (i7) is dealt with in [11].

We therefore concentrate on the affine distance-transitive graphs of type (i),
where ¢ = p® for a > 1 with am = [, and Gy < I'L,,,(q). By 3.3(ii%) it then
follows that I'; (0) contains a GF'(¢)-basis of V, so that there is a set

S:{‘/h"'?‘/s}a

of 1-dimensional subspaces in V such that T';(0) = UiV, where V/* = V;\ {0}
for all i. The elements of S are permuted transitively by Gy, and V = V| +
o+ Vi

To investigate those Gy with e-transitive actions on S (for e > 2), we now
make the following hypothesis:

Hypothesis 1.3 Assume Gy acts doubly transitively on S.
By 31.12 [2] we have:

Lemma 1.4 The generalised Fitting subgroup F*(Go/Z(Gy)) = L appearing
in 1.2 is equal to soc(Gy/Z(G)).

Furthermore, we may assume soc(Go/Z(Gg)) to be doubly transitive; of the
known non-abelian simple doubly transitive groups only the group PXLy(8)
has a socle which is not doubly transitive in its action on 28 points. Therefore,
we may assume Gy to be a doubly transitive group acting faithfully, or a
central extension thereof.

We are now faced with:

Problem 1.5 With notation as above, and under the previous hypothesis,
classify all pairs (G, S).

In case V is a direct sum of the subspaces of S, we call S a system of imprim-
itivity for the Go-module V' and we may appeal to the result (see VII [15] and
in particular §12D, §50 there):

Theorem 1.6 Let V' be an imprimitive Go-module with a system of imprim-
itwity {V1,...,V,} on which Gy is transitive. Let H < Gq be the subgroup
consisting of all h € Gy such that Vih = Vi. Then Vi 1s an H-module, and
V 2=V as Gy-modules.



Here V2 is the induced module
Vi = Vi @k KGo,

induced from the stabiliser in Gy of V; to Gy itself. Note that V1G° = ViGO for
all 4, where V; is a H*-module for z; € G such that V;"" = V].

Recall that V' =V + ... + V,. If this sum is direct, then I' is well-known by:

Proposition 1.7 (4.1, [6]) IfV = ®;_,V;, the graph I is a Hamming graph
or, if diam(T") = 2, the complement of a Hamming graph.

We will assume otherwise, and concentrate on the pairs (Gy, S) where V is
not a direct sum of the subspaces of S. In view of determining which of these
modules gives rise to a primitive distance-transitive graph (since no such graph
is of course guaranteed), the primitivity of G' on I' is equivalent to the irre-
ducibility of V' as a Go-module (see §3). Thus we are a led to the interpretation
of V' as an irreducible homomorphic image of V..

We will call the pair (G, V%) admissable if V. is reducible and Gy acts
doubly transitively on the set S of images of V; under Go. We are now faced
with the task:

Problem 1.8 Classify all admissable pairs (Go, V;7°).
This is a generalisation of work due to Mortimer [31]. Moreover, we seek to:

Problem 1.9 Determine the irreducible factor modules of VE° for all admiss-
able pairs.

The work presented here is therefore encompassed by a classification of all
irreducible G-modules V' in which a collection of 1-dimensional subspaces of
V' are permuted multiply transitively by G.

We must point out that the distance-transitivity of a possible graph arising
from V,°° necessitates H mapping 0 # x € V; to sz € Vi, for all s € GF(q)*,
by 3.3. As a consequence, the module V°, with H acting trivially on V;
(leaving all points of V; fixed), can only yield a distance-transitive graph if
the underlying field is GF(2). Under such circumstances the 2-transitivity of
1-dimensional subspaces is reduced to 2-arc transitivity on vectors, where a
2-arc is a triplet (x,y, z) of vertices such that x ~ y,y ~ z and = # z. This
problem has been worked out in [23].



2 Statement of Results

Let G be a finite doubly transitive group on Q2 such that G/Z(G) acts faithfully,
where |Q] = n. In this case soc(G/Z(G)) = N is a non-abelian simple group
acting primitively, or an elementary abelian group acting regularly, by 7.2 E
in [16].

Suppose N is non-abelian simple, and let N be the pre-image of N in G. We
will assume H = G, is the point stabiliser and D = G,p the two point
stabiliser in G of o, € (), taking t € G to induce o« «— (. Let M be
a l-dimensional (linear) K H-module, where K is a field of characteristic p
(possibly p = 0), affording the linear representation A : H — K. Then
MC = M ®kxp KG is a module induced from H to G. When M = Ky is
the trivial K H-module, M¢ is the permutation module of G on Q over K,
denoted K§2. The trivial module contained in K2 is written C, and we define
D to be the factor module C*/C N Ct called the heart of K.

The main result of this paper is the following, which settles Problem 1.8:

Theorem 2.1 Suppose K is a field of characteristic p # 0 such that p | |G|.
Then:

(i) if M = Ky and p | ||, we have K affording no non-trivial irreducible
factor module, unless either N = Moy when p = 2, or possibly N = Cos
when p = 3, with unique non-trivial irreducible factor modules KQ/U of
dimension listed in Table 2.1;

(i) if M = Ky and p 1 |Q|, we have KQ affording KQ/C = C+ as the only
non-trivial irreducible factor module, unless N appears in Table 2.1;

(ii) if M # Ky extends to a KG-module M then M =~ M @ KQ; and
(i) if M # Ky and M does not extend to G, then M€ is irreducible, unless
it appears in in Table 2.2.

We remark that the second column in both Tables 2.1 and 2.2 lists the degree
of the action of G on . The entry N = Cos in Table 2.1 is labelled ‘(?)’
because we have been unable to confirm it. Also, the third column in Table 2.2
provides a necessary condition on M for M¢ to be reducible: here M* =2 M~!
is the dual of M, M9 denotes the tensor product of ¢ copies of M, and Mp
the restriction to the two point stabiliser D. And finally, the fourth column
in Table 2.2 states a restraint on the field while a condition required for the
non-trivial M to exist is denoted in brackets.

The proof of 2.1 is a collection of several results. In §4 we discuss first the case
M = Kpy. The reducibility of D is determined in [31] and charted in Table
4.9, and a series of lemmas from [28] allows us to prove 2.1(), which appears
as 4.6.



N Degree n Condition | Dimension KQ/U

PSLu(a) | @ - D/a=1)| a=p" | (E"3) +1
m >3

Moo 22 p=2 10

M3 23 p=2 11
PSLy(11) 11 p=3 5

Az 15 p=2 4

HS 176 p=3 49

Cos (7) 276 p=3 126

Table 2.1
Dimensions of the non-trivial irreducible factor modules KQ/U.

Next, a short list of cases when p ¢ || remains, and these are dealt with in
subsequent sections where the groups concerned are treated; PSL,,(q) with
m > 3 and p | ¢ is dealt with in 7.10, Mz with p = 2 in §8 of [23], PSLy(11)
acting on 11 points with p = 3 in 7.44, A; acting on 15 points with p = 2 in
§7.10, and HS with p =3 in §7.11.

In §5 we demonstrate 2.1(iii), which appears as 5.3. We therefore assume M
does not extend to (G, that is, there is no K G-module M such that My = M,
and determine with 5.9 the condition of reducibility: M¢ is reducible whenever
M' = M as K D-modules. This is proved in 5.8 by demonstrating that the
dimension of Homgq(M®, M) is at most 2, with equality when said condition
holds. Note that, when p { |G/, this means M¢ has at most two non-isomorphic
irreducible direct summands; this is 5.12.

In tackling 2.1(iv), it follows from 5.18 that it is sufficient to work with G
simple or finite central extensions thereof: M% is irreducible if and only if
(Mp, )" is irreducible, except in the case where M and N are as in Example
5.17. Here N; := H N N, while Example 5.17 finds a unique M # Ky for
N = PSLy(q) with ¢ = 1 (mod 4) such that (My,)N = U; ® U, for some
Ui, U, of equal dimension. Then there exists an « € G such that Uy = U, if and
only if MY is irreducible, by 5.16(ii) and (iii). We remark that these results
rely on the assumption that NV is itself doubly transitive on €2, thus excluding
the case where G/Z(G) contains PY¥.L(8), which is dealt with separately in
§7.9.

For 2.1(4v) it remains to check, for each doubly transitive action (or family
thereof), the existence of linear K H-modules and the condition of reducibility
in each case. Fortunately, the families SLy(q), Sz(q), R(q) and SUs(q) can be
handled collectively as examples of groups of Suzuki type, as defined in 6.1.
We recite the representation theory of such groups in §6.



X Degree n Module M Condition
As 5 M,M* | F>GF(4)
3.Ag 6 M,M* | F>GF(4)
SLs(q) q+1 M= M~ (p#2)
SLin(q) | (¢™—1)/(¢—1) M plg,m=>3
Sz(q) @ +1 M pla
R(q) ¢ +1 M= M~ (p #2)
M % M~ pla
SUs(q) ¢ +1 Mp = Mp® | (g+1#p")
Mp 2% Mp* pla
Spam(2) | 2m71(2™ 4 1) M (p #2)
2m-l(2m —1) M (p #2)
Mi; 11 M = M* p=3
2. Mis 12 M = M* p=3
PXLy(8) 28 M (p* > 2)
3.4z 15 M, M* p=7
HS 176 M = M* (p#2)
2.HS 176 M = M* p=5
Cos 276 M = M* (p #2)

Table 2.2
The reducible M, where G > X.

The remaining sections 7.1 through 7.12 constitute the calculations and, in
particular, make the results of §6 explicit. Throughout these, frequent use is
made of the information available in the ATLAS [13] and modular atlas [24],
as well as a collection of necessary properties for the character A% (afforded
by M%) to be reducible or even exist, given in 7.3.

To provide a complete picture, what follows is an overview of the situation
over a splitting field K for G of characteristic 0 (see §7 for notation).

Theorem 2.2 Let A be a linear K-character of H, where K is a splitting field
K for G of characteristic 0. Assume G is simple or a perfect central extension
thereof. Then:

(1) if X = 1y, we have \Y = 1g + & as K-characters, where 1g,& are irre-
ducible; and
(ii) if X # 1g, then the possible K -characters \¢ are included in Tables 2.3
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G G Degree n Decomposition
My Mg =2 Ag - 2 11 la + 10a
11a
Mo My 12 (twice) la + 11a, 11b
2.Mi- 2 x My 12b
My PSL3(4) 22 la + 21a
Mg Myo 23 la + 22a
My Mas 24 la + 23a
My, PSLy(11) 12 la+ 1la
PSLy(11) As 11 (twice) la + 10b
PXLy(8) 9:6 28 la,1b,1c+ 27a
Ta,Th,7c + 21a
Az PSLy(7) 15 (twice) la+ 14b
3.A7 3 x PSLy(7) 15b, 15b
HS PSUs(5) : 2 176 (twice) la+ 175a
22a + 154b, 154c¢
2.HS | 2x (PSUs(5): 2) 176a, 176b
Cosg McL : 2 276 la 4+ 275a
23a + 253b

Table 2.4
The decomposition of induced linear characters for ‘exceptional’ doubly transitive
groups GG, with G simple or a perfect central extension thereof.

and 2.4.
A number of cases of Problem 1.9 have also been worked out:

Theorem 2.3 The confirmed dimensions of the irreducible factor modules
MY /U, with M # Fy, are listed in Table 2.5. These include all admissable
pairs (G, M%) except those cases with G containing

SLs(q), S2(q), R(q) or SUs(q)
and p|q, or G=SUs(q) andp | q+ 1, or G = Spey,(2) with p # 2.

Note that the entry SLs(q) in Table 2.5 is labelled ‘(!)" as M“ may be ir-
reducible (with G &> SLy(q)) as mentioned in the remarks concerning 2.1(iv)
above.



X Module M Condition Dimension M G/ U
As M, M* F > GF(4) 2, 2%
3.4 M, M* F>GF(4) 3
SLa(q) () | M= M* ptq s(a+1), 3(g+ 1)
R(q) MM | pl(g-1)(@—q+1) | (®—q+1),q(¢> —g+1)
plag+1 ¢ —q+1
SUs(q) | Mp=Mp* | 3#p|(@®—q+1) | (®—q+1),q(¢>—q+1)
2#p|(¢—1) (¢ —q+1), 9> —q+1)
My M = M* p=3 5
2. Mo M = M* p=3 6
PXLy(8) M3=F F>GF(q), q=4,7 1
3lq—1,q#4,7 1, 27
M3%F 2¢p 7, 21
3.47 M, M* p="T 6,9
HS M =~ M* p#5 22, 154
p=>5 21
2.HS M = M* p=>5 28
Cos M = M* p=3 22
p=>5 23
p#3,5 23, 253
Table 2.5

Confirmed dimensions of the irreducible factor modules M /U, where G > X.

The ‘exceptional’ cases in 2.3 follow, as above, from an inspection of the ATLAS
[13], modular atlas [24] and use of 7.3, while the groups of Suzuki type SLs(q)

are handled in 7.12, 7.13, R(q) in §7.4, and SUs(q) in §7.5.

The admissable pairs that give rise to distance-transitive graphs are included
in [30], [7] and [12], dealing in turn with the situation in which the non-abelian
simple group L appearing in 1.2(4) is alternating, sporadic or a group of Lie
type embedded cross characteristically. Checking these results against our own
we distil that:

Lemma 2.4 With notation as in §1, the admissable pairs (Go, V) support-
ing the structure of a primitive distance-transitive graph are listed in Table

2.6.

10




F(Go/Z(Go)) | a=p* |dim(V(@)| Goorbits
As 4 2 1,15
Ag 4 3 1,18,45
PSLy(7) 9 4 unitary
PSLy(11) 3 6 (see 2.Mj3)
PSLy(13) 3 7 quadratic
Spe(2) 3,5,7,11,13 7 quadratic
SU3(3) 5 7 quadratic
My, 3 ) 1,22,220
Mo 3 6 1,24, 264, 440
Moy 2 10 1,22, 231,770
Mo P 11 1,23,253,1771

Table 2.6
Known distance-transitive graphs with V = VlGo JU.

In the last column of Table 2.6 we list the Gy orbits on V', and write ‘quadratic’
or ‘unitary’ if G preserves a non-degenerate form on V' of such a type (up to
scalar multiplication and field automorphisms). By the following result due to
van Bon [5], the distance-transitive graphs in this case are well-known:

Lemma 2.5 Let G be a primitive affine distance-transitive automorphism
group of T, identify V<G with I and suppose that V' carries a GF(q)-structure
preserved by Gy as before. If Gy contains the group of scalars GF(q)* and pre-
serves a non-degenerate quadratic form on V', up to scalar multiplication and
field automorphisms, then either d < 2, I' is a Hamming graph, a half cube, a
folded cube or a folded half cube.

The above lemma includes the case of invariant unitary forms since these may
be considered as orthogonal forms over the prime subfield, as noted in [7].
Here d is the diameter of I', and the half cube, folded cube and folded half
cube are described, for example, in Chapter 9D [8].

Further results deal with the case G acting doubly transitively (though not
necessarily faithfully) on Q such that soc(G/KerG) is elementary abelian
and regular; these include the so-called Frobenius groups. In 5.5 we find that,
provided G has a regular normal subgroup N, then M = M ® KQ, where
K is the permutation module of G on 2. The reducibility of D in this case
is also well-known by 5.6.

Lastly we point out that often we do not require G to act faithfully nor that
KerG < Z(G) (i.e. that the extension is central). In the places where these

11



assumptions are made care has been taken to make them explicit. However, all
the calculations in §7.1 through §7.12 concentrate on GG being a simple doubly
transitive group, or a finite central extension thereof, in view of the remarks
on 2.1(iv) above.

3 Preliminary Results

We adopt the notation introduced in §1. For I' connected, distance-transitive
of diameter d > 2, the distance between o, 3 € VT is the length of the shortest
path between those two vertices, denoted d(c, 3). We put I';(«) := {8 € VI':
Ia,B) =i}, for 0 < i <d. If §(a, ) =i (for some 0 < i < d), denote by ¢,
a;, b; the number of vertices adjacent to (3, at distances ¢+ — 1, ¢ and i + 1 from
«a, respectively. (Here ¢g, by are taken to be zero.) We will write k; := |[';(a)].

The following summarises some of the basic restrictions on the constants of
the intersection array.

Lemma 3.1 (4.1.6, 5.1.1, [8]) Suppose I' is a primitive distance-transitive
graph with valency k > 3 and diameter d > 3. Then:

(’L) ki >b>...>2bjiandl=c; <cy < ... < cy;
(ii) there exist integers h,l with h <1 < d such that

Il<ki<...<kp=...=k>...>ky,

and in particular, k; < k; for 0 <i<j,i+j <d;

(749) if k; = kiyq then k; > k; for all j; and

() if ki1 = k (3 < j < d), then either I' is a polygon (k = 2) or I' is
antipodal with 7 = d and kg = 1.

If G acts on N, then U < N is said to be G-invariant if U* = U for all x € G.
Moreover, we say G acts irreducibly if the only G-invariant subgroups of N
are trivial. The assumption that G acts primitively on VI' = N is equivalent
to G acting irreducibly on N, by the following result:

Lemma 3.2 Let G be a group, N, H < G subgroups with N normal in G,
NNH=1and G= NH. Then the following are equivalent:

(i) H acts irreducibly on N; and
(i) H is mazimal in G.

In particular, if (i) or (ii) holds then Ng(H) = H.

We now adopt the setting and notation of 1.2. So G is primitive on VT,

12



identified with V a Gp-module over GF(q) (|V| = p' = ¢™) where d > 2,
k> 3.

Lemma 3.3 Let Gy, I' and V be as in 1.2. Then:

(i) I'1(0) contains a GF (p)-basis of V;
(i) if x € I'1(0) and s € GF(p)*, we have sz € I'1(0); and
(#ii) if v € I'1(0) and s € GF(q)*, we have sz € I'1(0).

PROOF. (i) Because G is primitive on VI, V' is an irreducible G-module.
The GF(p)-span of I'1(0) is a Gp-module, and as I' is connected, this must be
V.

(77) Let E be the set of r € GF(p)* such that rx € I';(0), and suppose that
st ¢ I'1(0), for some s € GF(p)*. Then Es is the coset of E in GF(p)*
containing s, and there exists a Gy-orbit I';(0) say, such that ra € I';(0) for
all r € Es. By distance-transitivity we now have k; = |I';(0)| = [T'1(0)] = .
But then either I' is a polygon or I' is antipodal, by 3.1. By primitivity of G,
[ is not antipodal, and I is not a polygon (k # 2) by hypothesis, so the result
follows.

(77i) This is analogous to (i7), using instead the coset E of GF(p) in GF(q)
containing s.

By 3.3(7ii), I'1(0) contains a GF(q)-basis of V. Now the neighbourhood I'; (0)
of 0 may be written I'y(0) = US_,Vi*, where V¥ = V; \ {0} for all 7 and V,
appears in a collection

S:{‘/la"'?v:@}a
of 1-dimensional subspaces over GF'(q). Here the elements of S are permuted

transitively by Gg, and V' = V; + ... 4+ V,. If this sum is direct, then T is
well-known by 1.7.

Let H < Gy be the stabiliser of Vi. Then V; is a 1-dimensional (or linear)
K H-module, with K = GF'(q). By 1.6 we now seck irreducible factor modules
of the induced module V 2 (V)% (defined in §1).

Let Vi = Ke for some basis vector e. Then we may define the linear repre-
sentation A : H — K by ex = A(z)e where x € H. It is easy to see that
H' < Ker A\, where H' is the commutator subgroup of H. Consequently, A
induces \ : H/H' — K, given by A\(H'z) = A(x) for all z € H. Conversely, we
may define a linear representation A of H given \ of H/H'. In general:

Lemma 3.4 The linear modules of G are lifted from G/G'.

13



For a permutation group G acting (not necessarily faithfully) on €, the per-
mutation module K2 over K is the set of all functions f : Q@ — K un-
der point-wise addition and scalar multiplication by elements of K, that is,
(i + £)(@) = fu(a) + fo(a) and (ufi)(0) = pfi(a) for all a € 9, j € K.
The action of G on the function f is given by f*(«a) := f(afl), for all a € Q,
x € G. As a standard basis we choose the characteristic functions of 2, that
is, the set of x, such that y,(8) = 1 if 8 = « and 0 otherwise («, 5 € Q).
We will often refer to the set Q of size n as the set {1,2,...,n}, implying an
arbitrary but fixed ordering for convenience of notation alone.

It follows that K2 is a direct sum of the subspaces spanned by the y; for
1 <i<mn, and so if G acts transitively on 2, then KQ = (K;)¢ by 1.6. For
example, when V; above is the trivial K H-module, we have (V1) equal to
the permutation module over GF(q) of Gy acting on S. Note that G need not
act faithfully, since Ker G < H in any transitive action will act trivially on
Ky, and the lifting of modules ‘commutes’ with induction.

In view of Hypothesis 1.3, lists of the known doubly transitive groups can
be found in §5 of [10], or [26], and these lists are complete in as far as the
classification of finite simple groups is complete. In this paper we will work
with currently known doubly transitive groups, as presented in in §5 of [10].
The Schur multipliers of the finite doubly transitive groups are listed in Table
3.7, unless they do not follow the general pattern, in which case they appear
in Table 3.8.

4 The Permutation Module, K¢

If G acts transitively on €2, then it easy to see K2 contains a unique trivial
submodule, denoted C, namely the subspace of constant functions. Let (—, —) :
KQx KQ — K be the inner product given by (f, g) := >, cq f(7)g(7), where
f,g € KQ. It is easily established that this form is bilinear, symmetric and
G-invariant, and with respect to it, every submodule of K2 has an associated
submodule to which it is said to be orthogonal: if L be a submodule of K¢,
then sois Lt :={f € KQ: (f,g) =0 for all g € L}. In particular, C* can be
characterised as the submodule of functions f such that >, cq f(v) = 0, and
we usually take {x, — x: 3 € 1} to be basis for this submodule.

Now C < C* if and only if p | |©2], and we may define [31]:

Definition 4.1 The heart over the field K of the group G acting on € is the
G-module

D:=Cc*t/cncC*.
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Table 3.7

G |M(G)| | Extension
A 2 2.4,
PSLy(q) | (myqg—1) | SLn(q)
PSU3(q) | (3,¢+1) | SUs(q)
Spam(2) 1 -
Sz(q) 1 -
R(q) 1 -
My 1 3
Mo 2 2.Myo
Mo, 12 12. Mas
Mos 1 -
May 1 -
HS 2 2.HS
Cos 1 -

The Schur multipliers of the finite doubly transitive groups.

Table 3.8

G M(G)
Ag, A7 Zg
PSLy(4) = SLy(4), PSL3(2) = SL3(2), Zs
PSL4(2) = SLa(2), Spe(2)
PSLy(9) 2 Ag Ze
PSL3(4) Ly X L2
Sz(8) Zo X Lo

Exceptional Schur multipliers of finite doubly transitive groups.

We know that C,Ct are always submodules of K, with C simple. Moreover:

Lemma 4.2 (2, [31]) If G is a transitive permutation group on a set 2, and
the heart over K of G on §2 is simple, then the only G-invariant subspaces of

KQ are 0,C,C*+, K.

We are interested in determining the irreducible homomorphic images of K¢

in view of Problem 1.9:

Problem 4.3 Classify all pairs (G, D) such that D is reducible.
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G Degree n Condition
G < AT'Lm(q) q" plaq
PSLsy(q) g+1 K > GF(2)
g ==+1 (mod 8)
PSLy(q) g+1 K > GF(4)
g=+£1 (mod 4)
PSLm(q) q"—1/q—1 plaq
m >3
PSUs(q) ¢ +1 plqg+1
Spam(2) 2m=l(2m £ 1) p=2
Sz(q) P +1 plg+1+r
r? = 2q
Re(q) ¢>+1 pllg+1)(g+1+r)
r? = 3q
Moy 22 p=2
Mo 23 p=
Moy 24 D=
M,y 12 p=
PSLy(11) 11 p=3
A7 15 p=
HS 176 p=23
Cos 276 p=23

Table 4.9
The reducibility of the heart D

This is the question taken up by Mortimer in [31], where the reducibility of
the heart D is investigated for all doubly transitive groups, with two small
exceptions; the case G = Cog for p = 2,3, and the case G = R(q) for p > 3
are both discussed in 0.5 [9]. The results are listed in Table 4.9.

One factor module of KQ is always C = KQ/Ct, but clearly this is not
the vertex set of a distance-transitive graph. When p 1 n = || we have
KQ =C ®C*, and we seek factor modules of Ct. When p | n we have:
Lemma 4.4 (7(a), [28]) Let U < KQ be a proper submodule. If n = p®, for
some integer a > 1, then C < U < C*.
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Lemma 4.5 (7(c), [28]) Let U < KQ be a proper submodule. If p | n and
G contains a subgroup L transitive on Q \ {1}, such that p 1 |L N Gia|, then
C<U<C

In particular, this is true for all groups of Suzuki type, since L NG5 = 1 (see

§6).

Lemma 4.6 Suppose G acts doubly transitively on 2, with Ker G the kernel in
this action. If p | n then soc(KQ) = C, except when p = 2 and G/ Ker G> Moy
acts on 22 points, and possibly when p =3 and G/ Ker G = Cos.

PROOF. Since the lifting of modules ‘commutes’ with induction, we may
assume G to be faithful, that is, we may work with G/KerG and lift our
results back to G. When p | n we have C < C*, and the result follows if D is
irreducible, by 4.2. If D is reducible then it appears in Table 4.9. We find that
if G < AT'L,,,(q), the result follows by 4.4. If the group is of Suzuki type, then
the result is true by 4.5. When p = 2, the results for the sporadic groups and
Spam(2) can be found in [23]. This leaves M;; and Cos, for p = 3. In the former
case, the point stabiliser H = P.SLy(11) contains a cyclic P € Syl (H) which
is regular on the remaining 11 points, and the result follows from 4.5. We have
been unable to rule out the latter case.

The natural permutation module over GF(2) for the group My does indeed
give rise to a primitive distance-transitive graph, as listed in Table 2.6 (see
1.8(d) [23]).

In view of Problem 1.9 with the trivial module V; = K (notation as in §1), we
therefore seek only those reducible hearts with p 1 [€2], so that by Table 4.9 it
remains to consider the cases when soc(G/ Ker GG) is the group:

(i) PSLy,(q), m >3, with p | ¢;
(i) Mag with p = 2;
(7ii) PSL2(11) acting on 11 points, with p = 3;
v)
)

(iv) Az acting on 15 points, with p = 2; and

(

These will be dealt with in the subsequent sections, and include the cases
K = GF(2) that have already been tackled in [23].

v) HS with p = 3.

5 The Monomial Module, M¢

We will adopt the following notation as standard, unless stated otherwise.
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Hypothesis 5.1 Assume that:

(i) G acts (not necessarily faithfully) doubly transitively on Q where |Q| = n;
it) H = G4, the point stabiliser in G of 1 € §);

(#i) M is a 1-dimensional non-trivial K H-module; where

(i) K is a field of characteristic p (possibly p =0);

(v) A: H — K is the linear representation afforded by M ;

(vi) v is the matriz representation afforded by MC (i.e. v = \9); and

(vii) t is an element such that 1 = 2.

We choose a natural basis for M = M ®y KG, one in keeping of the natural
system of imprimitivity of this induced module, namely

{e; =e®g;: 1 <i<n}, (5.1)

where M = Ke and the g; form a right transversal for H in GG. Here n =
|2 = |G : H| since G acts transitively on Q. We set ¢; = 1, go = t. With
respect to this basis, the matrix representation v afforded by M¢ are called
monomial matrices: for every x € G, v(x) has an element of Im A in each row
and column and zeros everywhere else.

We say A\ eztends to G if there exists some homomorphism A: G — K whose
restriction to H is .

Proposition 5.2 The linear representations of H < G extend to G if and
only if HH =G N H.

PROOF. If p is a linear representation of GG, then uy is a linear representa-
tion of H. Therefore, H' > G’ N H when all linear representations of H extend
to G. But H' < G, so we require H' = G' N H. Conversely, when H' = G'NH
we have

H/H' = H/(G'nH) = HG' /G

Now, the linear representations of HG'/G" extend to G/G’. Therefore, given a
linear representation A of H/H' lifted to H, there exists a linear representation
w lifted from HG'/G' to HG', such that py = A and X extends to G.

For the next result, suppose H < G are arbitrary groups, and L a K H-module
over an arbitrary field K.

Theorem 5.3 Let H < G be groups and 2 = G/H be a set of right cosets.
Suppose L is a KH-module over a field K, extendible to L, a KG-module.
Then L¢ = L @ KQ, where K is the permutation module of G on €.
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PROOF. Since G acts transitively on Q, we may conclude that KQ = (Kp)¢.
But L ® (Kg)¢ = (Ly ® Kg)¢, since in general (Uy ® V)¢ =2 U ® VY for
arbitrary U,V respectively H- and G-modules, while U ® K = U.

Therefore the study of the structure of L is reduced to that of the permuta-
tion module K2 in the case L extends to a K G-module. For example:

Lemma 5.4 Let G = NH be groups such that N < G and NN H = 1. If
L is any KH-module, then L extends uniquely to a KG-module L such that

~

Ly = L.

In particular, when G is a doubly transitive group with regular normal socle,
then G = NH because N is transitive and N N H = 1 because N is regular,
S0:

Corollary 5.5 Suppose that G has a reqular normal subgroup N. Then
MC =~ M ® KQ,
where K) is the permutation module of G on €.

Because of 5.5 it is natural to enquire about the reducibility of the heart of G
over K on . Let p = char(K) as before.

Theorem 5.6 (§3, [31]) Let G < AGL,,(q) (for q a prime) and D be the
heart over K for G. Then D is irreducible if and only if p # q, provided

(m,q) # (1,2),(1,3) or (2,2).
Unless stated otherwise, we will assume M does not extend to a K G-module.

Lemma 5.7 If G is doubly transitive on ), then it has two (Gy, Gg)-double
cosets, where Gy, Gg are the point stabilisers of o, 3 € €1 respectively, not
necessarily o # 3.

We will write the (H, H)-double coset decomposition of G as G = HIHUHtH,
where ¢ is the element 1 = 2. Moreover, H* =t 'Ht and set D := H'* N H be
the two point stabiliser G2 in G. Also, let ixe(U, V) = dim(Homgq(U,V)).

Theorem 5.8 Let M be a 1-dimensional K H-module, L a 1-dimensional
K H'-module, where K is an arbitrary field and t is as before. Then:

(Z) iKg(MG,LG) = iKD(M, L) ‘l—iKHt(Mt,L); a,nd
(i1) ixg(MC M%) = igp(Mt, M) + 1.

In particular, ixq((Mg)®, (M4)C) = igp(M, M) + 1.
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PROOF. From Frobenius Reciprocity we learn
Hompgg(M, L) = Homg (M) e, L),

while Mackey’s Theorem establishes

12

(M) e 2 (Mip )™ ® (M)

>~ (Mp)"" @ M,

by using 5.7. Substituting, we have

Homga(M®, LYY 2 Homg e (Mp)?', L) & Homy g (M?, L)
= HomKD(M, L) D HOmKHt(Mt, L),

by using Frobenius Reciprocity for the first direct summand. This proves (i),
and (i7) is proved similarly.

Corollary 5.9 If M' = M as K D-modules, then M is reducible.
Corollary 5.10 If M* 2% M as K D-modules, then M is indecomposable.
Corollary 5.11 The module (Kg)% is indecomposable if and only if p | |Q.

Corollary 5.12 If p 1 |G|, then M is reducible if and only if M* = M
as K D-modules, in which case M has precisely two non-isomorphic, simple
direct summands.

Lemma 5.13 Suppose U < M is a non-zero proper submodule. Then Uy <
V, for a submodule V= (ML) and V' contains M as a composition factor.

PROOF. We adopt the standard basis (5.1) for MY where M = Ke and
e;1 = e ® g, for the identity gy € H. Then (M%)y = Ke; ® V, where V =
(M5 by Mackey’s Theorem and the Krull-Schmidt Theorem. If U < MY
is a non-zero submodule, then U > Ke; implies U = M% by the transitivity
of G on the standard basis. But Uy has a homomorphic image onto M by
Frobenius Reciprocity, so the result follows.

We now turn to those doubly transitive groups G for which soc(G/Ker G) = N
is non-abelian simple and primitive on the set underpinning the group action.
Then G/ Ker G occurs as N < G/ Ker G < Aut(N), and of the known such
doubly transitive groups the simple primitive normal subgroup N is itself
doubly transitive, unless N = PSLy(8) with |Q| = 28 (see for example §5,
note 4 in [10]).
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We assume G is not this group and put Ny := H N N, so that:

Lemma 5.14 (M%)y = (My,)V.

PROOF. Since N is transitive on 2 by hypothesis, we can write G = HN
(though not necessarily H N N = 1). Then Mackey’s Theorem implies

(M%) = (Murn)™ = (Mp,)",

since G has only one (H, N)-double coset.

Along similar lines we have:
Lemma 5.15 Suppose My, extends to N but M does not extend to G. Then:

(i) if G has a simple heart, then M€ is irreducible; and
(i) if the heart of G over K has no 1-dimensional composition factors, neither
does ME.

PROOF. If My, extends to some K N-module U, we have
(ME)y = (My,)" = U @ KQ,

by 5.3. Since G has a simple heart, K€) has at most three composition fac-
tors, by 4.2, at least one of which the trivial module. Now M¢ contains a
1-dimensional submodule V' if and only if Vg = M, that is, M extends to G.
But M does not extend to G, therefore M has no 1-dimensional submodule
or factor module and M“ must be irreducible, proving (7). The second part
now easily follows, since a 1-dimensional composition factor of M¢ is one for

(M%) .
Theorem 5.16 We either have:

(1) (My,)N is irreducible, so M© is irreducible;
(7)) (Mpn,)N is reducible, so M® is reducible (but neither is completely re-
ducible);
(1)) (Mn,)N = Uy @ Uy is completely reducible, where UF = U, for some
x € G, so M% is irreducible; or
() (My,)N = U, & Uy is completely reducible, where UT # U, for all x € G,
so MY is reducible.

PROOF. (i) By 5.14, (M%) y = (Mpy,)" so it is clear M¢ is irreducible
whenever (My,)" is.
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(ii) If M€ is irreducible then (M %)y is completely reducible, expressible as a
direct sum of conjugate simple K N-modules, by Clifford’s Theorem. So M¢
has to be reducible.

(4ii) Suppose V < MY is a non-zero irreducible submodule, so that Vy is
completely reducible by Clifford’s Theorem. If U; < Vi then Uy < Vi = Vy,
since V is a G-module. But then Vy = U; ® Uy and V = M€ is irreducible.

(iv) Let V; < M% be a non-zero irreducible submodule as in the proof of (i),
and (V})ny = U; (say). Then Uy £ (V})y while U; extends to V; < M©.

Note that, since none of the material above utilises the faithfulness of the
action of G, 5.16 holds for extensions of doubly transitive groups.

Example 5.17 Suppose N = PSLy(q) withq=1 (mod 4), and Ny = HNN
with H as usual. Then if p # 2 there exists a unique non-trivial 1-dimensional
K Ny-module My, affording A, with A\(n) = £1 for alln € Ny. If pt |N| then
(My)N = Uy @ Uy, where dim(U;) = 3(q+1) (i = 1,2) and U = U, for
some x € Aut(N) > G. In other words, if U} = Uy for some x € G, Clifford’s
Theorem implies that M is irreducible.

By Tables 2.4 and 2.3, the only situation in which 5.16(#47) might apply ap-
pears in the following corollary, which applies only to those doubly transitive
G such that Ker G < Z(G).

Corollary 5.18 Suppose N is a simple group or a finite central extension
thereof. Then MY is irreducible if and only if (Mn,)N is irreducible, except in
the case where M and N are as in FExample 5.17.

Because of Corollary 5.18 we concentrate on those doubly transitive G that
are simple, or perfect central extensions thereof.

The dual module of a KG-module V' is the module with underlying vector
space V* := Homg(V, K) of linear functionals, under point-wise addition and
scalar multiplication, with G acting on v € V* by (¢z)(v) = ¥(vax™?) for all
x € G,v € V, extended linearly to KG. In particular, is easy to see that if M
is a 1-dimensional K G-module affording A, then the dual module M* affords
A~ where A7 (z) = A(z™!) of course.

Let M be a K H-module, for some subgroup H < G.

Theorem 5.19 (43.9, [15]) We have (M%)* = (M*)¢ as KG-modules. In
particular, MC is self-dual whenever M is self-dual.

Corollary 5.20 With G acting transitively on €2, the modules K and D are
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self-dual.

Lemma 5.21 Suppose G acts 2-transitively on 2, with H the stabiliser of a
point in this action. Let M be a self-dual K H-module. Then either:

(1) Mp % M} and MY is irreducible;
(11) Mp % M} and soc(M%) =U, & ... ® Uy, with U} £ U; for all j;
(1)) Mp = MY and MC = U, ® Uy, where U; is indecomposable (i = 1,2) and
iKg(Ul, Ug) = O,’ or
(iv) Mp = M} and for some non-zero submodule U < MY, U is self-dual
and appears as a top and bottom composition factor of MC.

PROOF. Suppose Mp % M} and M€ is reducible. Then MY is self-dual by
5.19, and the irreducible summands of soc(M%)* appear as top composition
factors of MY. However, ixq(MY M%) = 1 by 5.8, so that none of these
factors can be isomorphic to a summand of soc(M).

Now suppose Mp = M%,. Then ixq(MY M%) =2 by 5.8, so if MY = U, ® U,
with U; indecomposable for i = 1,2, we must have ixg(Uy,Us) = 0. So as-
sume M ¢ is indecomposable. Then there exists some submodule V' < M such
that M%/V =2 U < MY Since MY is self-dual (as above), we also have that
U* < M. Should dim(U + U*) = dim(M®), then M¢ = U @& U*, contrary
to assumption. Now suppose U # U*, so that there there exist 3 endomor-
phisms 7y = 1, 71, mp of M“ mapping onto MY, U, U* (respectively). But then
ixg(MY M%) > 2 (contradicting 5.8), since dim (U +U*) # dim(M%) implies
o is not a linear combination of 7y, m1. Therefore U = U* is self-dual.

Note that, in part (ii7) above, we must also have ixq(Us,U;) = 0. But by
assumption, either Uy = U, or Uy, U, are self-dual, so this equivalent to
ixg(Uy,Uy) = 0.

6 Groups of Suzuki Type

The following definition can be found in XII 2.1 [21].
Definition 6.1 A finite permutation group G is said to be of Suzuki type if:

(i) G acts (not necessarily faithfully) doubly transitively on a set §, where
9] > 3;
(i4) G has no regular normal subgroup;
(ii9) the stabiliser H = Gy of some point 1 €  has a normal subgroup L
acting regqularly on Q\ {1};
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(i) |L| = ¢’ for some prime power ¢’; and
(v) L is a characteristic subgroup of H.

Many doubly transitive groups are of Suzuki type, for example, all the groups
appearing in Table 6.10 are such.

G Comment
SLa(q), PSL2(q) | q>4
Sz(q) q>8
R(q) q>3
SUs(q), PSUs(q) | q>2

Table 6.10
Examples of groups of Suzuki type.

An example of the representation theory of such groups is:

Lemma 6.2 (8(a,b), [28]) Let G be doubly transitive on Q, with |Q = n,
and F a field of characteristic p # 0 such that p{n. Then the heart over F of
G on ) is simple if:

(1) n=p/ +1, for some f >1; or
(i) the stabiliser Gy of 1 € Q contains a subgroup L transitive on Q \ {1},
for which pt|L|/(n —1).

In particular, by 4.5 we have soc(K€)) = C whenever p | n. In view of Problem
1.9 therefore, the only factor modules of K¢ for a group of Suzuki type are
C,Ctif ptn, and C otherwise.

In addition to the notation of Hypothesis 5.1 and the definition of a Suzuki
group, we will assume:

Hypothesis 6.3 Assume that:

(i) H= DL, where L Q H is the subgroup of H acting regularly on Q\ {1};
i1) D induces at least one fized-point-free automorphism of L;
(i) L is a Sylow subgroup of G with |L| = ¢’ for some prime power ¢’;
(iv) D is cyclic; and

(v)

Assumptions (iii) through (v) are not as restrictive as they may appear: all
the groups in Table 6.10 satisfy these conditions.

v) with d = |D|, we have (d,q) = 1.

Define the subgroup
T:={deD:d"=d} 4D
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to be the set of elements fixed by the outermorphism of D induced by ¢, and
let S < D be such that D/S = T Let us write r = |T'|, s = |S|. We have (20.3
[19]):

Lemma 6.4 There are v distinct reducible characters A\®, where X is a linear
character of H lifted from H/SL. The remaining (s — 1)r characters A of H
induce to 5(s — 1)r distinct irreducible characters X° of G.

Recall that ¢ centralises T', and note that Ker G < T' < D because of this.
The following technical assumption is made in addition to the above.

Hypothesis 6.5 The largest subgroup X < D for which we have Cp(X) # 1
is precisely T', writing Ly = C(T).

Then it can be deduced that:

Theorem 6.6 (29.9, [19]) Suppose M = M* as K D-modules. Then M€ is
indecomposable if and only if p | |£2].

Theorem 6.7 (33.7, [19]) Suppose M ¥ M* as K D-modules. Then M€ is
irreducible if and only if p1q.

Theorem 6.8 (33.9, [19]) Suppose M = M" as FD-modules with p | |D|.
Then if pt|Q|, and p | |S| or CL(T) = 1, we have MY = U, ® Uy, with Uy, U,
irreducible.

7 Calculations

We will assume (K, R, k) to be a p-modular system, that is, a discrete valuation
ring R with field of quotients K, maximal ideal P = 7R and residue class
field & = R/P of characteristic p. We choose K k sufficiently large for them
to be splitting fields for G of characteristics 0, p respectively. Let F' denote an
arbitrary field of characteristic p. We recall that:

Theorem 7.1 (9.14, [22]) Let U be an absolutely irreducible EG-module,
where E has characteristic p # 0. Suppose that U affords the character x and
that x(z) € F for all x € G, where F is some subfield of E. Then U is similar
to VE = U @p E for some absolutely irreducible FG-module V.

Lemma 7.2 If A is a linear representation of H over R, then \™ is a linear
representation of H over k. Furthermore, every linear representation of H
over k arises in this way and the representations (A\%)™, (\™)¢ of G' over k are
the same.
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PROOF. Since Im A consists of mth roots of unity in R, where m = |H/H'|,
Im A™ consists of m/th roots of unity in k, where m = p*m’ and p { m’. Clearly
every linear k-representation of H arises this way.

Now let {f ® g1,...f ® gn} be a basis for M, where M affords ), the g
form a right transversal for H in G, and M = Rf for some basis vector f.
With respect to this basis, the matrix representation \¢ afforded by M has
(NC(x));; = /.\(gixgj_l) for all i,j and = € G. Here A\(z) = A(z) if z € H and
0 otherwise. The last result now easily follows by applying 7 to the matrix
entries.

We will adopt notation based on that used in the ATLAS: 22a + 154b denotes
the sum of the first (‘a’) character of degree 22 and the second (‘0’) character
of degree 154, as they appear in order (from top to bottom) in [13]. Also,
la+10a+10b+1a is contracted to laa+10ab, although we sometimes forgo this
convention to highlight the order of factors of a possible composition series.
Lastly, 22a + 154b, 154¢ denotes a list of characters 22a + 154b, 22a + 154c.

Lemma 7.3 Toke F = K, and let \® be the character induced from the linear
character A\ # 1y of H < G. Then:

) A9(1) = n the degree of G

(i) iof H is simple, A = 1;

i) (1) = 1g + &, both of which take on integer values; and
)

if A% = x1 4 x2, then x1 # & # x2 and (x1 + x2)(h) = A(h) - (L)Y for
allh e H.

These properties are often sufficient to determine the existence (reducibili-
ties) of non-trivial linear characters (induced linear characters) of the point
stabiliser for the 2-transitive groups under consideration. We usually omit a
proof if the results follow by inspection of the ATLAS [13] or the modular atlas
[24], or by 5.8, 5.21 or 7.3. Note that if A“ is irreducible as a K-character,
irg(M% M%) =1 for any field F.

7.1 The alternating groups, A,

The alternating groups G = A,, are (m-2)-transitive as the totality of even
permutations of a set 2 of m elements. The point stabiliser H = A,,_; is
simple for m > 6, in which case it is perfect and affords no non-trivial linear
representations. Since the group Ay = AGL,(4) contains a regular normal
subgroup we are left to consider m = 5.

Note that A5 = PSL,(4) acts on the the projective line PG;(4) and is a group
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of Suzuki type in this action. Therefore M¢ is reducible precisely when p = 2,
by 6.7, while H affords a non-trivial M when F' > GF(4) since it is easy to
see H/H' = GF(3). By inspection of the modular atlas [24], M affords the
Brauer character 2a + 1a + 2b when p = 2, where 2a is the dual of 2b and may
be realised over GF'(4), by 7.1. The trivial module cannot appear in the socle
of M€ since ipg(F, M%) = irq(Fg, M) = 0 by Frobenius Reciprocity, nor is
it a top composition factor by a similar argument. Since ipq(M%, M%) = 1,
M€ has a unique composition series, and the duality of M%, (M*)¢ follows
from 5.19.

By examining the presentation of 2.5, (see 2.12.3 [27]), it is easy to see 2.5,,—1
is contained in 2.5,,, so:

Lemma 7.4 For m > 5, the point stabilisers of 2.A,, acting on € are iso-
morphic to 2.A,,_1, which is perfect.

This leaves m = 6,7, for which A,, has the covering group 6.A4,,.

Lemma 7.5 A point stabiliser of 3.Ag is congruent to Zs x As, while for 6.Ag
it is congruent to Zs X 2.As.

PROOF. Since Aj has the Schur multiplier Z,, the point stabiliser of 3.Ag
must be isomorphic to 3 x As. However, the point stabiliser of 2.Ag is iso-

morphic to 2.A45 by 7.4, and so 6.Ag contains a point stabiliser isomorphic to
3 X 2145

Lemma 7.6 The point stabiliser of 3.Ag affords two non-trivial linear char-
acters \, \™t which induce to distinct and irreducible characters of G.

PROOF. By inspection of the ATLAS [13], 3a+ 3b is a possible A decompo-
sition. However, A\%(x) = 0 if 2 has order 4 (because 2.45 contains no elements
of order 4), while 3a + 3b is non-zero on this class. Therefore, upon expansion
of the character table (to include the second cohort of 3.4g), 6a,6a are the
only possibilities for \“.

Lemma 7.7 A point stabiliser H of 3.Ag affords two non-trivial linear F H -
modules M, M*, and both are reducible upon induction to G precisely when
F > GF(4). In this case MC contains a unique irreducible submodule U with
dim(U) = 3, and MY /U = U*. Moreover, (M*)% is the dual of M©.

27



7.2 Special linear groups, SL,(q)

We first consider G = PSL,,(q) with m > 3 acting on Q = PG,,_1(q), where
q = p* for some a > 1.

Lemma 7.8 Let Q2 = PG,,_1(q) be a projective space, K2 the corresponding
vector space over K of characteristic p | q. Let A be a k-dimensional projec-
tive subspace of Q@ and {I'y,..., I} a complete set of I-dimensional projective
subspaces of A, for I < k. Then }7%_; Xr; = Xa-

PROOF. Let N.(d,q) denote the number of e-dimensional subspaces con-
tained in a d-dimensional space. Then

d—i+1 __ 1
Noldsq) =TIy =
and N¢(d,q) =1 (mod p). In particular, »r =1 (mod p). It is easy to see that
the number of (I + 1)-dimensional subspaces containing a given 1-dimensional
space in a (k + 1)-dimensional space is equal to N;(k, q), so that x, appears
with coefficient 1 in the sum of all xr; such that o € I';, given some a €
A. Similarly, the number of (I 4+ 1)-dimensional subspaces containing a 2-
dimensional space in a (k + 1)-dimensional space is N;_1(k — 1, q), so such a
sum also contains x 3 with coefficient 1. The number of I';’s containing [ that
do not contain « is then 0 (mod p).

Lemma 7.9 Let V; be the subspace of FS) where V; is generated by the char-
acteristic functions of all i-dimensional subspaces of 2, fori=1,...,m — 1.
Then:

(i) FQ=Vo>V>...>2V, 1 =C;

(i) for alli = 0,1,...,m —1, V; = C & W; where W; is generated by the
characteristic functions of all complements of i-dimensional subspaces;
and

(#ii) Vim—o has dimension (
subspace of FSQ.

p+m—2

1 )a + 1, and wn particular, V,,_s is a proper

PROOF. (i) Clearly Vo = FQ and V,,,_; = C. Let A be an (i+1)-dimensional
projective subspace of 2. We must show that xya € V;,1 is in V. But this
follows from 7.8, claiming > r xr = Xxa, where the sum is taken over all -
dimensional projective subspaces contained in A.

(13) If i = m — 1 then W,,_; = 0 and V,,,_1 = C and we are done. Suppose
V;=C® W, is true for i < j < m — 1. We have C = W,,_; <V} by (i), so
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the complement W; is in V; too. Therefore C + W; < V; and so C + W; = V.
We have to show this is a direct sum, that is, C N W; = 0. This is equivalent
to W; # V;, or Wt # V. Since p | |A], where A is the complement of an
i-dimensional projective subspace, but p { |A|, we have C < Wit but C £ Vi+.

(¢43) This is proved in [36].

The following is a generalisation of 5.1 [23].

Theorem 7.10 (37.4, [19]) Let G = PSL,,(q) act on Q = PG,,_1(q), for
m > 3. Let FQ be the corresponding permutation module over F of char-
acterstic p | q. Suppose U < FQ is a non-zero submodule, U # C. Then
W < U, where W = W,,,_s is generated by the characteristic functions of the
complements of hyperplanes in §2, and

W+C=(xa:A<Q, where A is (m — 2)-dimensional )
1s the design module of G.

We now turn to the non-trivial F'H-modules M, and consider first G = SLy(q),
with ¢ # 2,3 so that SLy(q) is perfect (see 4.5 [40]). Clearly SLs(q) contains
the point stabiliser H = G1o1) = DL of order (¢ — 1)q, where D consists of all
diagonal matrices of determinant 1, and L of all upper unitriangular matrices.
From ¢ # 2,3 it follows D induces a fixed-point-free automorphism of L, so
that H' = L, H/H' = D and H affords at most ¢ — 1 linear representations.

Lemma 7.11 The groups G = SLs(q) are of Suzuki type.

PROOF. We have G doubly transitive on 2, where |2] = ¢+ 1 > 4. Also,
G has no regular normal subgroup, since GG/Z(G) is simple, while the sta-
biliser H of [0, 1] € §2 contains the regular normal subgroup L = GF(q), since
[1,0)lg = [1, 5] for all 5 € GF(q). This L is a characteristic subgroup of H
since (|D|, |L|) = 1.

We take the element ¢ to be such that [0,1]* = [1,0]. Then Cy(D) =T = (d_;)
if ¢ is odd, and Cy(D) =T = 1 if ¢ is even. In particular, if ¢ is odd H affords
a unique non-trivial linear representation A into F' (provided char(F') # 2)
such that A’ = A on D. Note that |S| = (¢ — 1).

We suppose M is a F'H-module affording A, and consider p dividing each factor

of |G| =(qg+1)(¢g—1)ginturn. Iif p | ¢g— 1 then p | |[S] and pt|Q| =g +1, so
that we may apply 6.8 to deduce:
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Lemma 7.12 If p # 2 and p | q — 1, then M® = U, @ Uy, with Uy, U,
irreducible. Here dim(Uy) = dim(Us) = (g +1).

PROOF. By the above, the first part follows from 6.8, while the dimensions
of the summands can be found, for example, in [37].

Next we consider p | ¢ + 1 and take F' = k in the above. Then M affords a
linear k-representation y, and there exists some linear R-representation u of
H such that u™ = A, by 7.2. Now u© is the character x¢ put forward above,
and x¢ = x1 + x2 with x1(1) = x2(1) = (¢ + 1). We have p { |H|, because
p1(qg—1)gand p # 2, and so x1, x2 are contained in a block of defect O:

Lemma 7.13 Ifp | g+ 1 then MY = U, @ Us, with Uy, U, irreducible. Here
dim(Uy) = dim(Us) = L(q + 1).

For the case p | ¢ we refer the reader to [37].

Lemma 7.14 Let G = PSL,,(q) be a projective special linear group with
exceptional Schur multiplier, as listed in Table 3.8. Suppose G is a covering
group of G, with G % SL,,(q), and H the pre-image of the point stabiliser
H < G in its natural action on Q. Then all linear characters of H are lifted
from H.

PROOF. This follows from direct calculations using GAP [20], and in some
cases by inspection of the ATLAS [13]. For example, 3.PSLy(9) affords no
characters (or sum of two) of degree 10 that are not lifted from PSLy(9).

Next we consider m > 3. Let a = [0,...,0, 1] be the projective point with
stabiliser H < G = SL,,(q). Denote by k(A,v,7) the matrix

Awv

0~y

k(A v,7) = ( ) € GLn(q), (7.1)

where A € GL,,_1(q), v € GF(¢)™ ' and v € GF(q)*. Then the group H
SL.;,(q) consists of the matrices of the form k(A,v,v) in (7.1), with ~v
det(A)~!. We will abbreviate those k(A,v,~) of determinant 1 to k(A4,v).

IHIA

Lemma 7.15 For any A, B € GL,,_1(q) and v,w € GF(q)™, we have:

(1) k(A,v)k(B,w) = k(AB, Aw + det(B)'v);
() L={k(I,v):veGF(q)™ '} < H; and
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(ii) H' is generated by matrices of the form k([A, B],u), where
[A,B] := ABA™'B~!
and uw € GF(q)™ ! is arbitrary.
It follows that H/H' = GF(q)*, except when (m,q) = (3,2), in which case

H/H = GF(3)*. Next put § = [0,...,0,1,0] and let t € SL,,(q) be the
element

Iy—2 0 0
0 01
0 —-10

of order 4, such that o = 3 and 3" = a.

With D := HNt 'Ht we abuse notation somewhat by treating the k(B, v, )
as matrices in GL,,_1(q), to note that D < SL,,(q) consists of the matrices
of the form

B v w
WE(B,v,7),w):=| 0 0 |, (7.2)
00m
with B € GLy—2(q), v,w € GF(q)™ 2, 71,72 € GF(q)* and 17y, = det(B) .

Lemma 7.16 When (m,q) # (4,2), then D' consists of the matrices of the
form 1(k(B,v,1),w), for all B € SL,, 2(q) and v,w € GF(q)™ 2.

By 7.16, we have D/D’ = GF(q)* x GF(q)* whenever (m,q) # (4,2). In this
case, the linear representations of D are fully determined by the values of
1,72 of the matrix [(k(B,v,y2),w) € D. With

L., ={l(k(B,v,v),w) € D : det(B)y, =1}
L., ={l(k(B,v,1),w) € D : det(B)y; =1},

write pqp for an arbitrary linear representation of D, where pio3 := a - 3 for
linear representations «, 3 lifted from D/L.,, D/L,, respectively. Note that,
prior to lifting, «, 5 € irr(GF(q)*).

Y1

Theorem 7.17 Let G = SL,,(q) with m > 3, and \ some linear representa-
tion of H. Then X # X' on D if and only if X # 15.

PROOF. We may assume ¢ # 2, so that all linear representations of D are
of the form p,s above. Let A # 1y be a linear representation of H. Then
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AD = [ta1, for some o as above, since Ap is fully determined by the value of
det(B)y, = 77 '. With t as above,

[(k(B,v,72), w)" = 1(k(B,w, 1), —v), (7.3)
for some B, v, 72, w and v, as in (7.2). Let [ be the element of (7.3), so that
Ap(l) = Hea, (1) = a(72) = p1pall).

Therefore, u' = p on D if and only if @ = 1p, in which case A\ = 1.

Put R = {k(A,0): A€ GLyn_1(q)}-

Lemma 7.18 When (m,q) # (3,2), the map py — pg is a bijection between
the sets of linear representations of H and R.

PROOF. By 7.15(ii), H', R’ contain the matrices of the form k(A,v,1),
k(A,0,1) respectively, for all A € SL,,_1(q), v € GF(¢)™!, unless (m,q) =
(3,2). Then H/H' = R/R' = GF(q)*, R = H' N R and the result follows by
Proposition 5.2.

It is easy to see R has the orbits [0,1], Ag = [z,0]" and Ay = [z,1]% on Q =
PG.—1(q). Moreover, the actions of R on Ag, Ay are permutation isomorphic
to GLy-1(q), R on PGp,—2(q), Vin—1(q) \ {0} respectively, where

R={A€GL, 1(q) : det(A) € (GF(q)")?}. (7.4)

Therefore H has two (D, R)-double cosets, and we will use

100
xr=1011], (7.5)
001

as the double coset representative in H \ DU R. Then Ry = D N R is a point
stabiliser for R on Ay, while R = D* N R is one for R on A;.

Lemma 7.19 When (m,q) # (3,2), (4,2), the group Ry = D* N R has index
qg—11in R, and the map pur — pr, 1S a bijection between the sets of linear
representations of R and R;.
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PROOF. As in the proof of 7.18, R’ contains the matrices of the form
k(A,0,1), for all A € SL,,-1(q), unless (m,q) = (3,2). With z as in (7.5),
the group R; = D* N R consists of the matrices of the form

Bu 0
l(k(B’uuf)/l)aO) = 0 71 0 y (76)
00m

for all B € GL,,_2(q), u € GF(q)™ 2 and v, € GF(q)*, such that det(B)™! =
vi. Fixing 71 € GF(q)*, there are |SL,, 2(q)| choices for B, so that R; has
index ¢ — 1 in R. Analogous to 7.15(4i7), Ry’ consists of the matrices of the
form I(k(B,u,1),0), for all B € SL,, »(q) and u € GF(q)™ 2, except when
(m—2,q) = (2,2). Thus

Ri/R = R/R' = GF(q)",

and R, = "N Ry = R' N D*. The result now follows by Proposition 5.2.

Note that Ry consists of those [(k(B,v,v,),w) € D such that w = 0, so that
by 7.15(i7), it is easy to see Ry < Ry. We will write FA; = (Fg, )%, for the
permutation module of R acting on A; = R/R;. This action is permutation
isomorphic to R on V,,_1(q) \ {0}, with R as in (7.4).

Lemma 7.20 When (m,q) # (3,2), we have FA; = &;(M;)®, for the g—1 1-
dimensional F Ry-modules M;, lifted from Ry/R;. Furthermore, the non-trivial
M; do not extend to R.

PROOF. Recall that R; < R comprises the elements [(k(B,u,71),0) in
(7.6). Tt is easy to see Ry/R; = GF(q)*; fixing 71,72 € GF(q)*, there ex-
ist |SLy,—2(q)| choices for B in l(k(B, u,2),0), while forcing v; = o gives rise
to Ry. Then (Fg,)f = @;M;, where M; are the ¢ — 1 linear representations of
Ry lifted from Ry/R; = GF(q)*, using Frobenius Reciprocity. By transitivity
of induction,
FAy = ((Fp,)™)" = @,(M;)".

Finally, the non-trivial M; do not extend to R since the 1-dimensional modules
of R are in bijective correspondence with those of Ry by 7.19, while (M;)g, =
Fg, for all non-trivial M,.

Lemma 7.21 Suppose (m,q) # (3,2),(3,3), and let M be a 1-dimensional
FH-module such that Mp % MY. Then the FG-module M is irreducible
whenever p 1 q.
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PROOF. If (m,q) # (3,2) and Mp % M}, we must have ¢ > 2. By 5.13, it
suffices to show (M%) does not contain M as a composition factor. However,

with R as above, 7.18 implies we may equally consider the composition factors
of the module ((M5)H)p instead. Now, H has two (D, R)-double cosets, so
Mackey’s Theorem provides

(Mp)™")r = (Mpg)" & (Mpeg)", (7.7)

with x € H\ DU R as in (7.5). Applying Frobenius Reciprocity then gives

0=ipr(Mg, (Mp)")r)
=ipp(Mp, (Mpag)™) + ipr(Mp, (Mpeng)")
=ippy (M, M") +ipg, (M, M), (7.8)

by 7.18 and the fact that M 2 M' as F'D-modules.

Recall R = GL,,_1(q) acting on PG,,_2(q), with Ry its point stabiliser. There-
fore, the first summand of (7.7) may be written (M’g,)%m-1@  for some 1-
dimensional F'Ryp-module M’. On the other hand, we may apply 7.19 to the
second summand of (7.7) to obtain

(ME)F2U @ (Fg)" 2 U ® FA,

for some 1-dimensional F'R-module U, by 5.3. Here U = M* as F' R;-modules.

/ GLo(

9 as above, and write

Suppose now m = 3. We first consider (M'g,)

((M/Ro )GL2(q))SL2(Q) = (MIROQST&(Q))S[Q((]) )

analogous to 5.14. The heart of SLs(¢q) has no non-trivial 1-dimensional com-
position factors by §3(F) [31], unless m — 1 = 2 and ¢ = 3. We will assume
(m,q) # (3,3). Therefore, if M'p, extends to GLy(q), (M'g,)¢*2@ contains
only the 1-dimensional composition factor V', where Vg, = M'. By (7.8) above,
it follows this composition factor is not Mg.

Now suppose M'g, does not extend to GLy(q). Then 5.15(¢i) implies that if
M porsia(g extends to SLs(g), then (M'g,)%L2(@ contains no non-trivial 1-
dimensional composition factors. On the other hand, if M'gng1,(4) does not
extend to SLy(q) (and p t q), the latter module is irreducible by 7.11, 7.12,
7.13 and 5.16.

Next we examine U ® F'A1, as above. By 7.20,
FA; & (Fg)" = @;(M;)",
where the ¢ — 1 M; are 1-dimensional and do not extend to R. Since they are

F Ry-modules, the module F'A; contains no non-trivial 1-dimensional compo-
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sition factors, by the discussion above. Therefore neither does U ® FAq, by
(7.8).

Finally suppose m > 3 and the result holds for m — 1. Then we may treat
X = (M'g,)¢tm-1() as above, that is:

(i) X = F(PGp-2(q)) has a simple heart by [31]; and
(i) M'g, extends to GL,,—1(q) so that X contains only 1-dimensional com-
position factors distinct from Mg, by 5.3 and (7.8); or
(75) M'pg, does not extend to GL,,—1(q) so that either X is irreducible by

induction, or X lacks non-trivial 1-dimensional composition factors, by
5.15(i) and (7.8).

Similarly, the M; in

(M) = @,(U @ (M;)")
are 1-dimensional F'Ry-modules (and R = GL,,-1(q)) by 7.20, and these sum-
mands appear as (i), (i) or (iii) above. Thus the indecomposable summands
of (7.7) contain no composition factors isomorphic to My and the proof is
complete.

However, by inspection of the ATLAS [13], modular atlas [24] or using GAP
[20] we find:

Lemma 7.22 Suppose (m,q) = (3,2) or (3,3), and M is a 1-dimensional
FH-module such that Mp % MY. Then the FG-module M€ is irreducible if

and only if p1q.

To prove the converse to 7.21, we will describe a module V" (¢) and a homo-
morphism ¢7, : M% — V" (q), with Ker ¢ # {0}. Let

X, =[1,0,...,0],X>=1[0,1,0,...,0],..., Xm = [0,...,0,1]

be a basis for V,,(q). Write V' (q) = F[Xy,...,X,,]" for the ring of homo-
geneous polynomials in X7, ..., X,, of degree r over GF(q). Then V' (q) is a
S Ly (q)-module.

Let H < G be the stabiliser of X; € V,(q). Then |H/H'| = ¢ — 1 implies
there is a faithful H/H’-module M’ over GF(q) which, once lifted to H, is
isomorphic to the H-module spanned by X;. Moreover, the space spanned by
X7 is isomorphic to the r-fold tensor product @ M' = M' ® ... ® M'. With
M’ spanned by e, the linear transformation

Ot @M = Vi(Qu, e X],
is a H-module homomorphism, and extends to a (not necessarily onto) G-

module homomorphism 5;;: : (®"M")Y — V' (q) by Frobenius Reciprocity.
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Of course any linear H-module over GF(q) is isomorphic to ®"M’, for some
r, and we will suppose M = ®"M' below, with appropriate r in the range
1<r<qg—1.

Lemma 7.23 Suppose (m,q) # (3,2),(3,3), and let M be a 1-dimensional
FH-module such that Mp % MY. Then the FG-module M is reducible when-
ever p | q.

PROOF. If we had m = 2, the module V3 (¢) would have dimension r + 1,
with 1 < r < ¢—1, while M had dimension ¢ + 1. Therefore Ker ¢} # 0, and
the result would be true for m = 2.

Consider now m > 3. Let g, € SL,,(q) be the element
Ga :10,...,0,1] —[0,...,0,,1],
for all @ € GF(q), and
g : [0,...,0,1] — [0,...,0,1,0].
With M spanned by e as above, consider the images
{01,(e ® ga), Op(e @ go) - @ € GF(q)}

of the elements of the standard basis under the homomorphism 5’; These
map to (aX,,—1 + X;n)" and X, _, respectively, for all « € GF(q). By the
argument for m = 2, there is a linear combination of these images equal to
0 € V' (q). Hence Ker ¢r, # {0}, and MY is reducible.

We summarise the above discussion into the main result of this section, using
7.21, 7.22 and 7.23.

Theorem 7.24 With m > 3, let M be a 1-dimensional F'H-module such that
Mp % MY. Then the FG-module M€ is irreducible if and only if p 1 q.

7.8 Suzuki groups, Sz(q)

The Suzuki groups Sz(q) = 2Bs(q) were first described by Suzuki in [38],
where ¢ = 22! and m > 0. We will adopt the notation of XI §3 [21], so
that Sz(q) := (sap, My, t) for a,b € GF(q), p € GF(q)*, and |Sz(q)| = (¢* +
1)¢*(¢ — 1). For G = Sz(q) it is then easy to see that H := Goo = (Sap, M),
= Goo = (my) and L = (s4,) is a 2-Sylow subgroup of G. Note that
= GF(q)*, and L is regular on Q \ {oo}. A straightforward calculation
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reveals that all three point stabilisers are trivial, so that D induces at least
one fixed-point-free automorphism of L.

Lemma 7.25 The groups G = Sz(q) are of Suzuki type.

PROOF. We have G doubly transitive on €2, where |Q| = ¢*+1 > 5. Also, G
has no regular normal subgroup, since GG is simple, while the point stabiliser
H = G4 of co € Q contains the regular normal subgroup L, and |L| = 2/ for
some f > 6. This L is a characteristic subgroup of H since (|D|, |L|) = 1.

The involution ¢ induces the action co < 0 and conjugates m,, to m;l. But
D = GF(q)*, where ¢ is a power of 2, so Cy(D) = T = 1. It follows that H
affords no F H-module M such that M = M' = M* as F'D-modules.

Finally, G = Sz(q) has a trivial Schur multiplier, unless ¢ = 8, in which case
it has the Schur multiplier Zy x Z,. However:

Lemma 7.26 Let G = Sz(8) and H be a point stabiliser in the doubly tran-
sitive action of G, as before. Let H be the pre-image of H in 22.5z(8). Then
all linear characters of H are lifted from H to H.

PROOF. By inspection of the character table of Sz(8) (in the ATLAS [13]
there are no characters of 22.52(8) whose degrees might add up to (15)%(1) =
65, other than those lifted from Sz(8).

7.4 Ree groups, R(q)

The Ree groups R(q) = 2Gs(q) were first described by Ree in [33], where
g = 3*™*! with m > 0, and they are simple when m > 0. We will adopt the
notation of 7.7 [16] (see also XI §13 [21]), so that R(q) := (t,7a,5~,n) for
a, 3,7,k € GF(q) with k # 0, and |R(q)| = (¢* + 1)¢*(¢ — 1). For G = R(q)
it is then easy to see that H := G = (ragq,ns), D = Goep = (n) and
L = (rop~:a,p,7 € GF(q)) is a 3-Sylow subgroup of G. Note that L acts
regulary on Q\ {oc}.

Lemma 7.27 The groups G = R(q) are of Suzuki type.

PROOF. We have G doubly transitive on Q, where |Q| = ¢* +1 > 28.
Also, G has no regular normal subgroup since G is simple for ¢ > 3, and
R(3) = PXLy(8) contains the simple group PSL4(8) with index 3. The point
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stabiliser H = G of co €  contains the regular normal subgroup L, and
|L| = 3/ for some f > 3. This L is a characteristic subgroup of H since
(1D, |L]) = 1.

Since the involution ¢ induces the action oo «» 0 and conjugates n, to n;', a
straightforward calculation reveals that only ny,n_; € D centralise an element
of the form ¢ 59 € L. It follows there exists a fixed-point-free automorphism of
L whenever g > 3, which we will assume. Conversely, the only X < D to have
CL(X) 7é 1is T, with CL(T) = <7“0”370 : ﬁ S GF(Q)> So Ct(D) =T = <n_1>
and s = |S| = (¢ — 1). But D = GF(q)* with ¢ a power of 3, so H affords
a unique F'H-module M such that M = M" = M* as F'D-modules (provided
char(F) # 2).

Table 7.11 summarises the ordinary characters of R(q) and their degrees, and
is taken from in [41]. We have denoted (15)“ as 1+ &, by A the 1(q — 3)
characters induced from non-trivial complex linear characters A of H, and by
X1 + X2 the decomposition of the character Y“, where y is the unique real
linear character of H.

No. Character Degree
1 & =1g 1
1 f2=x1 ¢ —q+1
1 §3=¢ ¢
1 £1=x2 a(¢® —q+1)
2 &5, &7 slg—Dr(g+1+r)
1 &6, &8 tlg=Dr(g+1-r)
2 9,810 ir(g®—1)
5(a—=3) | mim =X ¢ +1
31(¢—3) n; (q— 1 —q+1)
$(q—3) 1] (¢— (> —q+1)
§la—7) s (=D +q+7)
§la+r) ny (@ =)@ +q—7)

Table 7.11
Characters of G = R(q) and their degrees.

We will assume p # 2, so that p | |D| = ¢ — 1 implies p | |S|. Then p 1
n = ¢> 4 1, so that 6.8 applies: M® = U, @ U,, with Uy, U, irreducible. Here
dim(Uy) = ¢* — ¢+ 1 and dim(Us) = q(¢* — ¢ + 1) by Table 7.11.
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It remains to consider p | ¢*+ 1 and p | ¢, though we have not yet tackled the
latter. Take F' = k in the above, so that M affords a linear k-representation
A, and there exists some linear R-representation p of H such that ™ = A, by
7.2. Now p@ is the character x = x1 + x2 with x1(1) = ¢* — ¢+ 1, x2(1) =
a(¢* —q+1).

By XI 13.2 [21], G has Abelian Hall subgroups H;, Hy of orders ¢ + 1 + r,
where 7 = 3™ g0 that > = 3¢q. Thus if p | ¢> — ¢+ 1 then p{ |H| and x1, X2
are contained in a block of defect 0. In this case:

Lemma 7.28 Ifp | ¢* — ¢+ 1 then M® = U, ® U,, with Uy, Uy irreducible.
Here dim(Uy) = ¢* — ¢+ 1 and d&im(Us) = q(¢* — g + 1).

Next we consider p | ¢+ 1. In this case the kG-module M¢ is indecomposable
by 6.6 and projective since p > 3 and ¢ + 1 is coprime to (¢* — ¢+ 1)(¢ — 1).
Moreover, the block B containing M has a cyclic defect group, as it has a
maximal defect group @ € Syl,(G) and all p-Sylow subgroups are cyclic for
p > 3 by XI 13.2 [21]. Using the equivalences of 61.2 [17] (or 56.23, 56.24 in
[14]), is possible to establish:

Lemma 7.29 (47.3, [19]) The block B contains the ordinary K-characters
X1, X2 and %(pb—l) characters of the type 0. in Table 7.11. Here i(q+1) = p’m
with p{m, and i = jm with j in the range 1 < j < %(pb —1).

Lemma 7.30 If p | ¢+ 1 then MC is projective and indecomposable, with
rad(M®)/soc(M®) irreducible. Writing € = 5(p* — 1), the block B containing
M€ affords the decomposition matriz:

B:l o1 ¢
x1|] 1 0
xo| 1 1
.| 0 1
Ny | 01
Mwm | 01

Here the irreducible Brauer characters @i,y have degrees ¢* — q + 1,(q —
D@ — g+ 1).

PROOF. By 7.29 the block B, containing the indecomposable kG-module
M€ and the K-characters u® = yi + Y2, contains a further %(pb — 1) irre-

ducible characters, but only two irreducible Brauer characters. Since M¢ is
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projective by the comments before 7.29, we have MY /rad(M%) = soc(M€)
(see 6.6 in [1]), and M€ contains contains two copies of the composition factor
soc(M®). Therefore xT + x5 = 2¢; + ..., where soc(M) affords ¢, say, and
the conditions on the decomposition numbers in Dade’s Theorem (68.1 in [17])
force the described decomposition matrix.

7.5 Unitary groups, SUs(q)

Let ¢ > 2 be a prime power V a 3-dimensional vector space over F' = GF(¢?).
We take 0 : a — a? to be an automorphism of F such that o?> = 1 and
Fy = GF(q) is the subfield fixed by o. We will write a” for the image of a
under o.

Now take f : V x V — F be a o-hermitian form. Pick a basis {e, w, f} for
V such that S(e, f) =1, B(e,e) = B(f, f) =0 (i.e. (e, f) is a hyperbolic pair),
and f(w,w) = 1. We will work with SU;(¢) and its image PSUs(q) in terms
of matrices over this basis.

The group G = SU;(q) has a doubly transitive action on the isotropic points
of PG4(r) (see for example 10.12 [40]). These are the 1-dimensional spaces (u)
for u € V, such that 3(u,u) = 0. The group PSUs(q) is simple for r = ¢* > 4
(see 10.15 [40]).

Lemma 7.31 The point stabiliser H = Gy consists of the products of the
elements

kO O lx y
hk = 0 % 0 and ta:,y =101 —2° 1,
00 k=@ 00 1

where k,x,y € F(r)* and 2%z +y” +y = 0.

Then the two-point stabiliser D = Gy consists of the group of hy, and
we put L equal to the group of ¢,,. We have DN L = 1, H = DL with
|H| = (¢ — 1)¢3, and L a normal subgroup, regular on the isotropic points
(e + zw + yf) other than (f) (such points necessitate 2%z + y° +y = 0). A
straightforward calculation shows ¢, , centralised by hy, if and only if £* = 1,
so that there exists a fixed-point-free automorphism of L.

Lemma 7.32 The groups G = SUs(q) are of Suzuki type.

PROOF. We have G doubly transitive on Q, where || = ¢* + 1 > 9. Also,

G has no regular normal subgroup, since G/Z(G) is simple, while the point
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stabiliser H contains the regular normal subgroup L, and |L| = ¢/ for some
q¢/ > 8. This L is a characteristic subgroup of H since (d,q) = 1, where
d=|D[=(qg+1)(g—1).

For ¢ > 2, the map N : F* — Fj} given by b +— b°b is called the norm
epimorphism. Here b7b € Ff because Fj is the field of elements fixed by o (by
definition). Put ¢t € G\ H equal to the involution

001
t=10-10{,
1 00

conjugating hy, to hy-o. Then Cy(D) =T = {hy : k € Ker N'}, and S = {hy, :
ke Fi}. Also |S| =q—1,|T| = g+ 1 and it is easily shown that if X < D is
such that C(X) # 1, then X =T and C(T) = (to, 1y € F).

We now turn to the F'H-modules M such that M = M?! as FD-modules.
These are lifted from H/TL = S to H. We first consider p | ¢> — ¢ + 1 such
that p 1 |G|/(¢* — ¢ + 1). Take F = k in the above, so that M affords a
linear k-representation A, and there exists some linear R-representation p of

H such that u™ = A, by 7.2. Now u€ appears as the sum of x\", Xfﬁ) in [34],
()= =g+ 1 x (1) = al® =g + 1),

Lemma 7.33 Suppose p | ¢* —q+ 1. Then:

(i) ptqandptq—1; and
(it) p=3 if and only ifp| g+ 1;

PROOF. Ifp|qor g—1, then p | g(¢g—1), so that p | ¢*—q+1 implies p = 1.
Ifp|lg+1,then pfq, and p | q(¢ —2) + g+ 1 implies p | ¢ — 2. Therefore,
p|q+1—3 and we must have p = 3.

By the above, if p# 3 and p | ¢> — ¢+ 1, then pt |H| or ¢ + 1 and x4, x2 are
contained in a block of defect 0. In this case:

Lemma 7.34 Ifp | ¢* —q+1 and p # 3, then M€ = U, @ Uy, with Uy, Uy
irreducible. Here dim(Uy) = ¢* — q+ 1 and dim(Us) = q(¢* — q + 1).

Clearly p 1 || precisely when p | |S| = ¢ — 1, in which case @ € Syl,(D) is a
p-Sylow subgroup of G. We may then apply 6.8 to deduce:
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Lemma 7.35 If p # 2 and p | q — 1, then M® = U, @ Uy, with Uy, U,
irreducible. Here dim(Uy) = ¢* — q+ 1 and dim(Us) = q(¢* — ¢+ 1).

We have not yet been able to complete the case p | ¢ + 1 (and p t ¢q), but
postulate the following conjecture which has been verified for all prime powers
g < 11 using GAP [20] (see §51 [19] for more information). In particular, p | |€2]
so that MY is indecomposable by 6.6, and that this case includes p = 2 (for
which p | ¢ — 1 also).

Conjecture 7.36 If p | ¢+ 1 then M€ is indecomposable, M€ [rad(M%) =
soc(MY) is irreducible of dimension ¢*> — q+ 1, and rad(M%)/soc(M) irre-
ducible of dimension (¢ — 1)(¢> —q+1).

7.6 Symplectic groups, Sp(2m, 2)

Let V' be a vector space of dimension 2m over a field F' with an alternating
form (3, that is, f(u,u) = 0 for all u € V. Let ®(3) be the set of all quadratic
froms that polarise to (3, that is,

Blu,v) = Qu+v) = Qu) — Q(v),

for all u,v € V. We will assume F = GF(q) with ¢ even, so that there are ¢*™
forms polarising to 3.

If welet f € GL(V) act on § € ®(8) via f - 0(u) = 6(f ' (u)) (for all
u € V), then f -0 € ®(F) if and only if f € Sp(V), since f -6 polarises to
B(f~H(=),f*(=)). This means Sp(V') acts naturally on ®(3). However, the
action cannot be transitive as ®(J) contains quadratic forms of types ¢ = £1
(see p.139 [40]), depending on whether the dimension of a maximal totally
isotropic subspace is m or m — 1, respectively.

If Q € ®(p) is of type €, then Sp(V)g = O°(V) (the orthogonal group of type
€). Thus Sp(V) has 2 orbits ®¢() of sizes L"(¢™ +¢) (see p.70 and p.141 [40]).
We assume ¢ = 2, in which case it can be shown O¢(V') is transitive on the
sets @¢(5) \ {Q}, P~¢(5), where @ is assumed to be of type €. It follows that
G = Spam(2) has a doubly transitive action on each of the two sets ®¢(3) with
cardinalities 2™71(2™ + ¢). Further information on these two actions may be
found in [25].

Let Q¢ be the commutator subgroup of Sp(V)q = O°. Writing [V, f] =
Im(1 — f) for f € O(V), define D(f) := dim[V, f] (mod 2) to be the Dickson
invariant, a homomorphism D : O(V) — GF(2) (see Theorem (2)(i7) in [18],
or 11.43 in [40]).

If g is even we define SO(W) := Ker D, implying |O(W) : SO(W)| = 2 if
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the form of the orthogonal geometry is non-degenerate. For dim(W) > 3 and
O(W) # O*(4,2), we have SO(W) = Q(W) (11.45 [40]). Furthermore, if
q is even then SO(W) = Q(W) (11.51 in [40]). So if W = V of dimension
2m over GF(2), O(V) has 1 non-trivial linear character, A° say, for which
|H : Ker A\| = 2.

Definition 7.37 Let K < H < G be groups such that K* " H < K for all
x € G. Then K is said to be strongly closed in H (see §6 [39]).

We return to our doubly transitive setting, assuming G, H, A as in Hypothesis
5.1.

Lemma 7.38 Suppose |H : Ker \| = 2. Then \¢ is reducible if and only if
Ker X\ is strongly closed in H.

PROOF. Since |H : KerA\| = 2, A = %1 and so by Corollary 5.12, \¢ is
reducible if and only if A'(g) = A(¢") = 1 whenever g € Ker . Since Ker \<H
and G = H1HU HtH, this is precisely the definition of strong closure of Ker A
in H.

By the following, SO(V') is strongly closed in H.

Lemma 7.39 For all f € Sp(V) we have f~'SO(V)f N O(V) < SO(V).

PROOF. Let g € f~1SO(V)f N O(V) be some element g = f~lhf, for
f e Sp(V)and h € SO(V). Then

dim[V, f 7 hf] = dim (V7 0=
=dim(V'™")
=dim[V, hl,

by the fact that f is invertible. By definition, SO(V') := Ker D with D(f) :=
dim[V, f] (mod 2). Therefore g = f~'hf € SO(V) by the above, since h €
SO(V).

It now follows, from Corollary 5.12, that if M€ is a non-trivial 1-dimensional
FO‘-module (where char(F) # 2), then (M€)P2=(2) is reducible. When F
has characteristic 0 or char(F) t |Spam(2)|, the degrees of the irreducible
constituents can be determined from 6.4 in [39].

Finally, the group G = Spg(2) is the only occurence of G with non-trivial
Schur multiplier, affording the perfect central extension 2.S5pg(2).
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G Degree n H Transitivity
My 10 Ag -2 3
My 11 My 4
Mis | 12 (twice) My, 5
Moo 22 PSL3(4) 3
Mos 23 Mos 4
Moy 24 Mog 5

Table 7.12
The Mathieu groups and their actions.

Lemma 7.40 Let G = Spg(2) and H® be the point stabiliser in its doubly
transitive action, as above. Let H€ be the pre-image of H¢ in 2.Sps(2). Then
all linear characters of H¢ are lifted from H€ to He.

In view of Table 2.6, we conclude this section with a result which follows by
inspection of the modular atlas [24] or by using GAP [20]:

Lemma 7.41 Let F be a field of characteristic p # 2, and M the non-trivial
1-dimensional module for the point stabiliser H~ < Sps(2). Then MY = U, &
Uy with Uy, Us irreducible of dimensions 7,21 respectively.

7.7 The Mathieu groups

Among the Mathieu groups we find the only finite 4- and 5-transitive groups
which are not alternating or symmetric. The relationship between the Mathieu
groups as point stabilisers of each other can be seen in Table 7.12. Note that
My, has a second doubly transitive action, one on 12 points, which we will
deal with seperately in §7.8.

The faithful minimal submodules of F(Q for My, Mog and F = GF(2) are
described in §8 [23].

Let G be a simple Mathieu group or a finite central extension thereof. Then GG
has a non-perfect point stabiliser if and only if G = M;; with point stabiliser
Ag - 2, or G = 2.M;5 with point stabiliser 2 x Mj;. In both cases H affords
one non-trivial linear K-character A and \“ is irreducible.

Lemma 7.42 The linear representations \ above exist for p # 2, and A\ is
reducible if and only if p = 3, in which case \® affords the Brauer character:

(i) ba + la + 5b for G = Myy; or
(i) 6a + 6b for G = 2.Ms.
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In both cases the non-trivial characters are duals of each other, and they may
be realised over GF(3).

Lemma 7.43 With F = GF(3), suppose the F'H-module M affords X\, as
in 7.42. Then MY contains a unique irreducible submodule of dimension 5,6,
gwen that G = My, 2. M5 respectively.

7.8 The groups My, and PSLy(11)

The group G = M, has a 3-transitive action on 12 points with point stabiliser
PSLy(11), which is thereby 2-transitive on the remaining 11 points. For a
construction of these group actions see example 7.5.2 in [16] or §3.7 in [3].
Since the 2-point stabiliser of M7, acting on 12 points is isomorphic to As, the
1- and 2-point stabilisers of G are both simple, and they afford no non-trivial
linear representations.

Lemma 7.44 Let D be the heart of PSLs(11) acting on 11 points, and sup-
pose p = 3. Then D contains a unique 5-dimensional irreducible FG-module

U, and soc(FQ) =Cea U.

7.9 The group PXLy(8)

Recall that G = PXL,(8) is the only faithful finite doubly transitive group

whose socle is primitive and simple, but not doubly transitive; P¥X.Lo(8) =
R(3) in its natural doubly transitive action on 28 points, and PSLy(8) = R(3)'.

Lemma 7.45 Let G = PX.Ly(8) act doubly transitively on a set ) of 28 points
with H a point stabiliser. Then H affords 6 linear representations, 3 of which
extend to G.

PROOF. Asin §7.4, we may write H = DL, with D the stabiliser of co,0 €
Q, and L a regular normal subgroup. Since G = R(3), D = Z, does not
induce a fixed-point-free automorphism of L (see §7.4). A straightforward
calculation yields r,90 € H' for all @« € GF(3). Furthermore, (1) is a
cyclic subgroup of L of order 9 (containing (rgo 1)) trivially intersecting the
subgroup (ro1,0) = GF(3), and L/(r100) = GF(3). We now have H' = (r10,)
so that H affords 6 linear representations.

Now G’ = PSLy(8) has index 3 in G, and G affords 2 non-trivial linear rep-
resentations y, u~!. By inspection of the ATLAS [13], G’ contains no elements
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of order 6, while H does. Therefore jiz, i are not the trivial representation
and 3 of the 6 linear representations of H extend to G.

Lemma 7.46 Let Ul, Ug, U3 be the (where possible distinct) FG-modules such
that U; = Uy is lifted from H/(D({r100)), fori=1,2,3. Furthermore, if p is
odd let M be the non-trivial 1-dimensional F'H-module lifted from H/L = 7.
Then fori=1,2,3:

(i) US 2 U; @ KQ if p=2,7, with h soc(UF) = U;;
(74) UG is completely reducible as U@ (U; @ CL) if p#2,7; and
(iii) (U; @ M)% = U, @ M is completely reducible as Vi & Vi if p is odd, for
some V;1, Vio of dimensions 7,21 respectively.

7.10  The group A;

The 3-dimensional projective space PG3(2) has 15 points and admits the
automorphism group PG L4(2). Since Ag = PSL4(2), there exists a subgroup
of PSL,(2) of index 8 and isomorphic to A;. This group happens to act 2-
transitively on PG5(2).

When p = 2, the heart D over F' = GF(2) of G acting on 2 contains a
unique 4-dimensional irreducible submodule U, such that D/radD = U*, in
agreement with 7.10. Moreover, between the composition factors U, U* sits a
6-dimensional composition factor.

Lemma 7.47 Let G be A7 or some perfect central extension thereof, with H
a point stabiliser in the doubly transitive action of G. Then H affords a non-
trivial linear representation if and only if G = 3.A7, in which case it affords
two non-trivial linear representations A\, \~ 1.

Lemma 7.48 Let G = 3.A; and \,\7' be the K-characters of 7.47. Then
MNE £ (A HY are irreducible.

PROOF. By inspection of the ATLAS [13], 7.3 provides two possibilities for
the induced characters, namely 150, 15¢. Since PSLy(7) contains no elements
of order 6, the characters must take on the value 0 on the elements of the
conjugacy class labelled 6A, and only 15¢ has this property. By expansion
of the character table (to include the second cohort of 3.A7) we obtain two
distinct irreducible characters 15¢, 15¢ of G.

Suppose p | |G|. Then the linear representations A\, \~! of 7.47 exist over F
provided F' > GF(4), GF(25) or GF(7). By inspection of the modular atlas
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[24] we have A\“ reducible if and only if p = 7, in which case A9, (A\71)% afford
the Brauer characters 6a + 9a. Both composition factors may be realised over
GF(7), in which case they are duals of each other.

7.11 The Higman-Sims group, HS

The group HS can be described as the automorphism group of a combinatorial
geometry consisting of a set 2 of 176 points, and a set I" of 176 blocks (called
‘quadrics’), such that each block contains 50 points and each point is contained
in 50 blocks. Each pair of points is incident with exactly 14 blocks giving a
2 — (176,50, 14) symmetric design. The group HS acts doubly transitively
on Q as well as on I' (for a more detailed construction, see 4.5 [3]). These
actions are inequivalent but permutation isomorphic by the unique non-inner
automorphism of H.S.

The heart D over F' = GF(3) of G in either action affords the Brauer character
49a + T7a + 49b, with soc(D) irreducible of dimension 49, and D/rad(D) =
soc(D)*.

Lemma 7.49 Let G = HS, acting doubly transitively on € as above. Then
a point stabiliser Hy affords precisely one non-trivial linear representation A;.
The permutation isomorphic action of G on I yields another point stabiliser
Hy with non-trivial linear representation X\, and if F = K we have

A =22a 4 154b
A =22a + 154c.

Furthermore, Im \; = £1 fori=1,2.

Lemma 7.50 Assume p # 2 and let M; be a 1-dimensional F H;-module af-
fording the linear representation \; of 7.49 (i = 1,2). Then either:

(i) p # 5 and MF = U @ V;, where U is irreducible of dimension 22, V;
irreducible of dimension 154 (fori=1,2); or
(i1) p=>5 and ME /rad(MF) = soc(ME) is irreducible of dimension 21.

Moreover, these submodules are realisable over the prime subfield of F.
Finally, we turn to the covering group 2.HS.

Lemma 7.51 Let G = 2.HS be the covering group of HS. Then a point sta-
biliser H of G affords 2 non-trivial linear representations X such that Z(G) £
Ker \, and with Im X\ = +£1. The X\ are irreducible as K -characters, and the
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two inequivalent isomorphic doubly transitive actions of G give rise to two
distinct such irreducible K -characters.

PROOQOF. The group HS, acting doubly transitively on 176 points, has a
point stabiliser H isomorphic to Us(5):2. By inspection of [13], this group has
the Schur multiplier Z,, and the point stabilisers of 2. H.S are isomorphic with
2 x (Us(5) : 2). Therefore, the subgroup 2 x H has a commutator subgroup
isomorphic to Us(5), and so a point stabiliser of 2.HS affords 4 linear K-
characters. Two such characters are lifted from H to 2.H, and are described
in 7.49. The remaining two can be treated using GAp [20].

We will assume p # 2, and take Hy, Hy as before. Let M; be a 1-dimensional
F H;-module affording )\;, one of the linear representations of 7.51 (i = 1, 2).

Lemma 7.52 Withp # 2, the FG-module ME is reducible if and only if p = 5
(i = 1,2), in which case M, MS affords the Brauer character 28a+120a+28b,
28a + 1200 + 28b respectively. Indeed, with F = GF(5), ME contains a unique
28-dimensional irreducible F'G-submodule.

PROOF. Again, the modules M; afford the non-trivial \; whenever p # 2,
since \; takes on the values +1 by 7.49 (i = 1,2). An inspection of [24]
reveals the decomposition of the Brauer character as described, while and
7.1 guarantees the realisation of the composition factors over F' = GF(5).
Since M{ is self-dual (for i = 1,2), MY must have a unique 28-dimensional
irreducible socle (i = 1,2) by 5.21.

7.12  The Conway group, Cos

Conway’s third group Cos is a sporadic finite simple group. It has a 2-transitive
action on a set € of 276 points, with point stabiliser McL : 2, the full auto-
morphism group of the McLaughlin group. The group Cos also contains a
subgroup isomorphic to HS, but this does not concern us here.

A point stabiliser H = McL :2 of G = Cos in its doubly transitive action
affords a unique non-trivial linear representation A, such that A\ takes on the
values 1. Furthermore, as a K-character we have A& = 23a + 253b.

Lemma 7.53 Assume p # 2 and let M be an F'H-module affording the linear
representation A above. Then either:

(i) p=3 and ME /rad(MEF) = soc(MF) is irreducible of dimension 22;
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(it) p="5 and ME /rad(MF) = soc(MF) is irreducible of dimension 23; or
(i) p # 3,5 and MY = U @&V, where U,V are irreducible of dimension 23,
2583 respectively.

Moreover, these submodules are realisable over the prime subfield of F.

References

[1] J. L. Alperin. Local Representation Theory, volume 11 of Cambridge studies in
advanced mathematics. Cambridge University Press, 1986.

[2] M. Aschbacher. Finite Group Theory, volume 10 of Cambridge studies in
advanced mathematics. Cambridge University Press, 1986.

[3] N. L. Biggs and A. T. White. Permutation Groups and Combinatorial
Structures, volume 33 of London Mathematical Society Lecture Note Series.
Cambridge University Press, 1 edition, 1979.

[4] J.van Bon. Affine distance-transitive groups. PhD thesis, University of Utrecht,
1990.

[5] J.van Bon. Affine distance-transitive graphs with quadratic forms. Math. Proc.
Cambridge Phil. Soc., 12:507-517, 1992.

[6] J. van Bon. Affine distance-transitive groups. Proceedings of the London
Mathematical Society, 67:1-52, 1993.

[7] J. van Bon, A. A. Ivanov, and J. Saxl. Affine distance-transitive graphs with
sporadic stabilizer. Furopean Journal of Combinatorics, 20:163-177, 1999.

[8] A. E. Brouwer, A. M. Cohen, and A. Neumaier. Distance-Regular Graphs.
Springer-Verlag, 1989.

[9] Jonathan Brundan and Alexander S. Kleshchev. Representations of the
symmetric group which are irreducible over subgroups. Journal fir die Reine
und Angewandte Mathematik, 530:145-190, 2001.

[10] Peter J. Cameron. Finite permutation groups and finite simple groups. Bulletin
of the London Mathematical Society, 13:1-22, 1981.

[11] A. M. Cohen and A. A. Ivanov. Affine distance-transitive groups of dimension
one. Furopean Journal of Combinatorics, 21:191-195, 2000.

[12] A. M. Cohen, K. Magaard, and S. Shpectorov. Affine distance-transitive graphs:
the cross characteristic case. Furopean Journal of Combinatorics, 20:351-373,
1999.

[13] J. H. Conway, R. T. Curtis, S. P. Norton, R. A. Parker, and R. A. Wilson. An
Atlas of Finite Groups. Claredon Press, 1985.

49



[14] Charles W. Curtis and Irving Reiner. Methods of Representation Theory. With
Applications to Finite Groups and Orders, Vol. II. Wiley Classics Library. John
Wiley and Sons, 1987.

[15] Charles W. Curtis and Irving Reiner. Representation Theory of Finite Groups
and Associative Algebras. Wiley Classics Library. John Wiley and Sons, 1988.

[16] John D. Dixon and Brian Mortimer. Permutation Groups, volume 163 of
Graduate Texts in Mathematics. Springer-Verlag, 1996.

[17] Larry Dornhoff. Group Representation Theory. Marcel Dekker, Inc., 1972.

[18] R. H. Dye. A geometric characterization of the special orthogonal groups and
the Dickson invariant. Journal of the London Mathematical Society, 15:472-476,
1977.

[19] Jason Fairley. Induced Linear Representations for Doubly Transitive Groups.
PhD thesis, Imperial College, 2003.

[20] The GAP Group. GAP — Groups, Algorithms, and Programming, Version 4.2,
2000. (http://www.gap-system.org).

[21] B. Huppert and N. Blackburn. Finite Groups III, volume 243 of Grundlehren
der mathematischen Wissenschaften. Springer-Verlag, 1982.

[22] I. M. Isaacs. Character Theory of Finite Groups. Pure and applied mathematics,
a series of monographs and textbooks. Academic Press, 1976.

[23] A. A. Ivanov and C. E. Praeger. On finite affine 2-arc transitive graphs.
European Journal of Combinatorics, 14:421-444, 1993.

[24] C. Jansen, K. Lux, R. Parker, and R. Wilson. An Atlas of Brauer Characters.
Claredon Press, 1995.

[25] William M. Kantor. Symplectic groups, symmetric designs, and line ovals.
Journal of Algebra, 33:43-58, 1975.

[26] William M. Kantor. Homogeneous designs and geometric lattices. Journal of
Combinatorial Theory, 38:66-74, 1985.

[27] G. Karpilovsky. The Schur Multiplier, volume 2 of London Mathematical Society
Monographs (New Series). Claredon Press, 1987.

[28] M. Klemm. Uber die Reduktion von Permutationsmoduln. Mathematische
Zeitschrift, 134:113-117, 1975.

[29] Martin W. Liebeck. The affine permutation groups of rank three. Proceedings
of the London Mathematical Society, 54:477-516, 1987.

[30] Martin W. Liebeck and Cheryl E. Praeger.  Affine distance-transitive
groups with alternating or symmetric point stabiliser. FEuropean Journal of
Combinatorics, 13:489-501, 1992.

20



[31] Brian Mortimer. The modular permutation representations of the known doubly
transitive groups. Proceedings of the London Mathematical Society, 41:1-209,
1980.

[32] C. Praeger, J. Saxl, and K. Yokoyama. Distance transitive graphs and finite
simple groups. Proceedings of the London Mathematical Society, 55:1-21, 1987.

[33] R. Ree. A family of simple groups associated with the simple Lie algebra of
type (G2). American Journal of Mathematics, 83:432-462, 1961.

[34] William A. Simpson and J. Sutherland Frame. The character tables
for SL(3,q), SU(3, ¢*), PSL(3,q), PSU(3, ¢*). Canadian Journal of
Mathematics, 25(3):486-494, 1973.

[35] D. H. Smith. Primitive and imprimitive graphs. Quart. J. Math. Ozford, 22:551—
557, 1971.

[36] K. J. C. Smith. On the p-rank of the incidence matrix of points and hyperplanes
in a finite projective geometry. Journal of Combinatorial Theory, 7:122-129,
1969.

[37] B. Srinivasan. On the modular characters of the special linear group SL(2, p™).
Proceedings of the London Mathematical Society, 14:101-114, 1964.

[38] M. Suzuki. On a class of doubly transitive groups. Annals of Mathematics,
75:105-145, 1962.

[39] Donald E. Taylor. Regular 2-graphs. Proceedings of the London Mathematical
Society, 35:257-274, 1977.

[40] Donald E. Taylor. The Geometry of the Classical Groups, volume 9 of Sigma
Series in Pure Mathematics. Heldermann Verlag Berlin, 1992.

[41] Harold N. Ward. On Ree’s series of simple groups. Trans. Amer. Math. Soc.,
121(1):62-89, January 1966.

o1



